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1. INTRODUCTION AND BASIC DEFINITIONS

Numerous results available on approximate solutions for various classes of operator equations have
recently motivated the creation and development of the optimization theory of computational methods,
which is related to the construction and study of the most accurate solution techniques. In this paper, we
follow the approach proposed in [1, 2], which has been extensively used to substantiate (basically, the
order of) direct methods for operator equations. In Section 3, we establish sufficient conditions for the
asymptotic optimality of projection methods. The application of Theorem 3 to the determination of
asymptotically optimal projection methods is illustrated in Section 4.

Let X and Y be normed spaces over � or �, IX be the identity operator in X, and K : X  Y be a
linear bijection. To solve the equation

(1.1)

by a projection method, we choose two sequences of subspaces Xn and Yn:

and projectors Pn projecting Y onto Yn. Equation (1.1) is approximated by

(1.2)

Naturally, we consider only projection methods such that Eqs. (1.2) are uniquely solvable with any n ≥ n0

and y ∈ Y. The solutions to Eqs. (1.1) and (1.2) are denoted by x* (= x*(y)) and  (= (y)), respectively.

Let En(x) (= (x)) denote the best approximation of an element x ∈ X by the subspace Xn; i.e.,

The problem arises of finding, among all the uniquely solvable projection methods, those for which the

exact solution x* deviates least from the approximate solution  on a given solution set F (⊂X). To char�
acterize this deviation, the nth optimal error estimate for F among all the projection methods for solving
Eq. (1.1) was introduced in [1, 2]:

where inf is taken over all possible subspaces Xm and Ym of dimension m ≤ n and over projectors Pm from Y
onto Ym such that Eq. (1.2) is uniquely solvable with any y ∈ Y.
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Definition 1. Projection method (1.2) for solving Eq. (1.1) is called asymptotically optimal for a solu�
tion set F if

  ∞.

The following definition was introduced by Gabdulkhaev (see, e.g., [1]).
Definition 2. Projection method (1.2) for solving Eq. (1.1) is called asymptotically optimal among all

the projection methods for a solution set F if

  ∞.

The following standard notation is used below. Given a linear operator A, the symbols ImA, KerA, and
DA stands for the image, kernel, and domain of A, respectively.

Recall the definition of a projection width (see [3]).
Definition 3. For a centrally symmetric set F in a normed space X, the nth projection width in X is

defined as

where inf is taken over all m�dimensional subspaces Xm of X such that m ≤ n and over all projectors Rm in
X such that ImRm = Xm.

A subspace  (k ≤ n) is called an extreme subspace for the projection width πn(F) if the above infimum
is reached on it; i.e.,

where inf is taken over all projectors Rk in X such that ImRk = .

For any F ⊂ X and a subspace Zn ⊂ X (n ∈ �), define

Remark 1. Obviously, if X is a Hilbert space, then

where inf is taken over all the n�dimensional subspaces Xn of X. Moreover, if  is an extreme subspace for
the projection width πn(F), where F is a centrally symmetric set, then

2. AUXILIARY RESULTS

Lemma 1. Let n ∈ � and

(2.1)

Then there exists a projector  in X such that, for any y ∈ Y, the solution to Eq. (1.2) can be represented as

Moreover, Im  = Xn and Ker  = K–1(KerPn).

Proof. Denote by  the restriction of a projector Pn to the subspace KXn. By virtue of (2.1),  is a

bijection of KXn to Yn. Therefore, there exists an inverse operator  : Yn  KXn. Then the solution to
Eq. (1.2) can be represented as

Let us show that the operator  is a projector in Y. Indeed, let y ∈ Y. Then there exists an element

xn ∈ Xn such that Pny = PnKxn. From this and the equality  = Kxn, we have
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Since Im  = KXn and Ker  = KerPn, we conclude that  is a projector in X with the

range Xn and the kernel K–1(KerPn). Setting  =  yields the assertion of the lemma.

Corollary 1. Under the conditions of Lemma 1, we have the error estimate 

(2.2)

Remark 2. Condition (2.1) is necessary and sufficient for Eq. (1.2) to be uniquely solvable with any y ∈
Y. (Necessity is obvious, while sufficiency is proved in Lemma 1.)

Lemma 2. Let X be a unitary space, and let P be a projector in X such that P ≠ 0 and P ≠ IX. Then

where α = sup{|(x, y)| : x ∈ KerP, y ∈ ImP, ||x || = ||y || = 1}. (If P is an unbounded projector, we set ||P || =
+∞.)

Proof. First, we show that, if x, y ∈ X and ||x || = ||y || = 1, then any scalar λ satisfies the inequality

Indeed,

Now, we prove the lemma. Let z ∈ X and ||z || = 1. If z ∈ KerP, then

If z ∈ ImP, then

Let z ∉ ImP and z ∉ KerP. Define

Then x ∈ KerP, y ∈ ImP, and ||x || = ||y || = 1. Furthermore,

which yields

Thus,

Let us prove the reverse inequality. Suppose that x ∈ KerP, y ∈ ImP, and ||x || = ||y || = 1. Let z = y –
(y, x)x. We have

Thus,

Since x and y are arbitrary,

Corollary 2. Under the conditions of Lemma 2, 

Proof. This assertion follows from Lemma 2 and the equalities ImP = Ker(IX – P) and KerP = Im(IX – P).
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Lemma 3. Let X be a unitary space, n ∈ �, condition (2.1) be satisfied. Then the solutions x* and  to
Eqs. (1.1) and (1.2) satisfy the error estimate

where αn = sup{|(x, K–1y)| : x ∈ Xn, y ∈ KerPn, ||x || = ||K–1y || = 1}. 

Proof. Lemma 1 implies that (IX – ) is a projector with the range K–1(KerPn) and the kernel Xn. The
assertion of the lemma follows from this, Lemma 2, and (2.2).

Lemma 4. Let X be a unitary space; n ∈ �; Xn and Yn be n�dimensional subspaces of X; and  and 
be the unit spheres in Xn and Yn, respectively. Then

Proof. Let e1, …, en be an orthonormal basis in Xn; g1, …, gn be an orthonormal basis in Yn; Qn and Rn be

the orthoprojectors onto Xn and Yn, respectively; x = x1e1 + … + xTnen (∈ ); and y = y1g1 + … + yTngn

(∈ ). Then

Similarly,

Let us prove that

which implies the lemma.
In the Euclidean space Vn (V = � or �), consider a linear operator A with the matrix

and let

We have

where (Tu) j is the jth coordinate of the vector Tu. Therefore,

Moreover,

It follows that

It remains to prove that

For this purpose, we consider the polar decomposition of A:
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where |A | =  and U is a unitary operator. We have

3. THE MAIN RESULTS

Theorem 1. For any centrally symmetric solution set F (⊂X) of Eq. (1.1), we have

Proof. Let us show that πn(F) ≤ Vn(F). Suppose that m ≤ n; Xm and Ym are arbitrary m�dimensional sub�
spaces of X and Y, respectively; and Pm is an arbitrary linear surjection from Y to Ym such that Eq. (1.2) is

uniquely solvable with any y ∈ Y. By Lemma 1, there exists a projector  in X with the range Xm such

that  =  for any x* ∈ F. It follows that πn(F) ≤ Vn(F).

Let us prove the reverse inequality. Suppose that m ≤ n, Xm is an arbitrary m�dimensional subspace of
X, and Rm is a projector in X with the range Xm. Define Pm = KRmK–1. Obviously, Pm is a projector in Y such
that ImPm = KXm and KerPm = K(KerRm). Consider the projection method specified by the subspace Xm

and the operator Pm. Since KXm ∩ KerPm = {0}, Lemma 1 implies that  =  for any solution x*,

where  is a projector in X such that Im  = Xm and Ker  = K–1(KerPm). Since KerRm = K–1(KerPm),

we conclude that  = Rm and  = Rmx* for any x* ∈ X. Therefore, Vn(F) ≤ πn(F).

In the following two theorems, H is a Hilbert space and the sequence of subspaces Xn is assumed to be
asymptotically dense in H (i.e., En(x)  0 for any x ∈ H) and increasing (X1 ⊂ X2 ⊂ …).

Theorem 2. Let K be a dense (in H) linear injective operator with the range H, Xn ⊂ DK, Yn ⊂ DK*, Pn be
the orthoprojector onto the subspace Yn, and Sn be the unit sphere in K*(Yn). If ∆(Sn, Xn) < 1, then, for any y ∈ Y,
Eq. (1.2) is uniquely solvable and the solution satisfies the estimate

(3.1)

Specifically, if ∆(Sn, Xn)  0, n  ∞, then, for any centrally symmetric solution set F, projection
method (1.2) is asymptotically optimal. If, additionally, Xn is an extreme subspace for the projection width
πn(F), n ≥ n0, then projection method (1.2) is asymptotically optimal for F among all the projection meth�
ods for solving Eq. (1.1) and 

  ∞. (3.2)

Proof. Let X = DK and Y = H. Recall that  denotes the unit sphere in Xn. In Lemma 3, we introduced

Let us prove that

(3.3)

Let Rn be the orthoprojector onto K*(Yn). Then IH – Rn is the orthoprojector onto (K*(Yn))⊥. Since
K–1(KerPn) ⊂ (K*(Yn))⊥, we conclude that, for any x ∈ Xn, y ∈ KerPn,

which yields

Then we have

where the last equality holds by Lemma 4.
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Let ∆(Sn, Xn) < 1. We show that K(Xn) ∩ KerPn = {0}, which implies the unique solvability of Eq. (1.2).
Assume the opposite. Let there exist a nonzero element z ∈ K(Xn) ∩ Ker Pn. Setting x = K–1z/||K–1z || and
y = z/||K–1z ||, we obtain αn = 1, from which, by virtue of (3.3), we have ∆(Sn, Xn) ≥ 1, a contradiction.

Inequality (3.3) and Lemma 3 imply (3.1). Combining (3.1) with En(x*) ≤ ||x* – ||, x* ∈ F,  ∈ Xn

gives

If ∆(Sn, Xn)  0, n  ∞, this relation implies that

(3.4)

Thus, we have proved the asymptotic optimality of projection method (1.2) for a solution set F. If, addi�
tionally, Xn is an extreme subspace for πn(F), n ≥ n0, then (3.4) and Remark 1 imply (3.2), while (3.2) and
Theorem 1 imply the asymptotic optimality of projection method (1.2) for F among all the projection
methods for solving Eq. (1.1).

Theorem 3. Consider the equation

(3.5)

where A and B are dense (DA ⊂ DB) linear operators in H such that A is an invertible operator, BA–1 is a com�
pact operator, and A–1B can be extended to a compact operator T in H. Let Xn ⊂ DA, Yn ⊂ DA*, n ≥ n0, Pn be
the orthoprojector onto Yn, and A*(Yn) = Xn. If the homogeneous equation

has only the trivial solution, then projection method (1.2) for solving Eq. (3.5) is asymptotically optimal for any
centrally symmetric solution set F. If, additionally, Xn is an extreme subspace for the projection width πn(F),
n ≥ n0, then projection method (1.2) is asymptotically optimal for F among all the projection methods for solving
Eq. (3.5); moreover,

  ∞.

Proof. Since A + B is injective, IH + BA–1 is injective as well. Therefore, since BA–1 is compact, IH +
BA–1 is invertible. Therefore, K (= (IH + BA–1)A)) is invertible as well. Specifically, ImK = H implies the
injectivity of K*. Let us prove the injectivity of IH + T*. Since A–1B ⊂ T and A–1 is bounded, T* = B*(A*)–1.
The equality (A–1)* = (A*)–1 implies ImA* = H. If IH + T* is not injective, then there exists x ≠ 0 such that
x + B*(A*)–1x = 0. Since x = A*y for some y ≠ 0, we have A*y + B*y = 0, which contradicts the injectivity
of K*. Thus, there exists a continuous inverse (IH + T*)–1. Define M = ||(IH + T*)–1||. Let Sn be the unit
sphere in K*(Yn). We prove that ∆(Sn, Xn)  0, n  ∞. Then the assertion of the theorem follows from
Theorem 1. Let y ∈ Yn, Qn be the orthoprojector onto Xn, and S be the unit sphere in H. We have

Consider the sequence of continuous functions fn(z) = ||(I – Qn)z || defined on a compact set .
Since this sequence is nonincreasing and pointwise converging to zero, Dini’s theorem implies that

  0, n  ∞.

Hence, ∆(Sn, Xn)  0, n  ∞. The theorem is proved.
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4. APPLICATIONS

Below, we follow the notation used in [3, 4]. For r = 1, 2, …, let [a, b] denote the set of real�valued

functions x(t) defined on [a, b] such that x(r – 1) is absolutely continuous and x(r) ∈ L2[a, b]; [a, b] =

{x(t) : x ∈ [a, b], ||x(r)||2 ≤ 1};  = {x(t) : x ∈ [0, 2π], x( j)(0) = x( j)(2π), j = 0, 1, …, r – 1}; Hω[a,
b] = { f(t) : f ∈ C[a, b], ω( f, δ)C[a, b] ≤ ω(δ), 0 ≤ δ ≤ b – a}, where ω( f, δ)C[a, b] is the modulus of continuity
of f in C[a, b] and ω(δ) is a given modulus of continuity; Sn, 0[a, b] is the subspace of piecewise constant
functions on the uniform partition tk = a + khn, where hn = (b – a)/n and k = 0, 1, …, n, n ∈ �; and

Define

Application 1. Consider the Fredholm equation of the second kind

(4.1)
where the solution x is sought in L2[a, b], y ∈ L2[a, b], and B is a completely continuous operator in L2[a, b].

Let Xn = Yn = Sn, 0[a, b] and Pn be the orthoprojector onto Yn. If the homogeneous equation corre�
sponding to Eq. (4.1) has only the trivial solution, then, for the solution set F = Hω[a, b], projection
method (1.2) is asymptotically optimal among all the projection methods for solving Eq. (4.1) and we have
the estimate

n  ∞.

Indeed, let H = L2[a, b] and A = IH. It is well known (see [4, p. 371]) that πn(Hω[a, b]) = An(ω) and
Sn, 0[a, b] is an extreme subspace for πn(Hω[a, b]). Now, the required assertion follows from Theorem 3.

Application 2. Consider a strongly singular integral equation of the first kind

(4.2)

where the integral is understood in the sense of the Hadamard finite part, x is sought in L2, p[–1, 1], p(t) =

, y(t) ∈ L2, p[–1, 1], and B : L2, p[–1, 1]  L2, p[–1, 1] is a continuous linear operator such that
the homogeneous equation corresponding to Eq. (4.2) has only the trivial solution.

Let Xn be the subspace of algebraic polynomials of degrees no higher than n – 1 given on the interval
[–1, 1]; Yn = Xn; and Pn be the orthoprojector onto Yn. Then, for any centrally symmetric solution set F,
projection method (1.2) for solving Eq. (4.2) is asymptotically optimal.

Indeed, define

Let  be the system of Chebyshev polynomials of the first kind and ck(x) = (x, Tk). It is well

known (see [2, p. 106]) that A–1 is a compact operator and

This representation implies that A*(Xn) = Xn. Now, the required assertion follows from Theorem 3.
Application 3. Consider the problem

(4.3)
with the boundary condition
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where DK = {x ∈ [0, 2π] : x(0) = 0}, y ∈ L2[0, 2π], and B is a linear continuous operator in L2[0, 2π]
such that the homogeneous equation corresponding to Eq. (4.3) has only the trivial solution.

Let X2n be the linear span of the system of functions sin t, cos t – 1, …, sin(nt), cos(nt) – 1 defined on
[0, 2π]; Y2n be the linear span of the system of functions cos t, t – sin t, …, cos(nt), t – [sin(nt)]/n defined

on [0, 2π]; and P2n be the orthoprojector onto Y2n. Then, for the solution set F = , projection method
(1.2) is asymptotically optimal among all the projection methods for solving problem (4.3) and we have
the estimate

Indeed, let H = L2[0, 2π]. Define the operator A : DK  L2[0, 2π] by setting A(x(t)) = x'(t). Obviously,

A–1 is a compact operator in H and A*(x(t)) = –x'(t), whence A*(Y2n) = X2n. Furthermore, π2n( ) = n–r and

the extreme subspace is the subspace X2n introduced above (the proof is similar to that of π2n( ) = n–r[4,
pp. 342–343]). Now, the required assertion follows from Theorem 3.

Application 4. Consider the problem

(4.4)

with the periodic boundary condition

where DK = {x ∈ [0, 2π] : x(0) = x(2π)}, y ∈ L2[0, 2π], p ∈ C[0, 2π],  ≠ 0, and B is a linear

continuous operator in L2[0, 2π].

Define the operator A : DK  L2[0, 2π] by setting A(x(t)) = x'(t) + p(t)x(t). Let X2n – 1 be the
subspace of trigonometric polynomials of degrees no higher than n – 1 defined on the interval [0,
2π], Y2n – 1 = (A*)–1X2n – 1 (here, (A*)–1 can be explicitly found, since A*(x(t)) = –x'(t) + p(t)x(t)), and
P2n – 1 be the orthoprojector onto Y2n – 1. If the homogeneous equation corresponding to Eq. (4.4) has only

the trivial solution, then, for the solution set F = , projection method (1.2) is asymptotically optimal
among all the projection methods for solving problem (4.4) and we have the estimate

Indeed, let H = L2[0, 2π]. It is easy to see that A–1 is a compact operator in H. It is well known (see [4,

p. 343]) that π2n – 1( ) = n–r and the extreme subspace for π2n – 1( ) is X2n – 1. Now, the required asser�
tion follows from Theorem 3.

Lemma 2 and Theorem 1 were announced in [5].
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INTRODUCTION

When the problems of mathematical physics are solved numerically, grids or finite elements are often
used to reduce the corresponding differential or integral equation to a system of linear algebraic equations
for the vector of values at the grid points. The matrices of these systems usually have a large dimension,
and the exact methods for solving such systems, which are computationally costly and unstable, are inef�
ficient or inapplicable. Hence, iterative algorithms are often used (see ([1–3]). However, when the itera�
tive methods are used to solve linear systems with large dense matrices, the requirements for the computer
memory can be very high. If the coefficients of the system are computed using simple formulas, the Monte
Carlo method can be used (for example, see [1, 4, 5]).

Historically, the Ulam–Neumann method (the randomized simple iteration method) was first used to
solve such problems. However, it turned out to be suitable only for a narrow class of problems and ineffi�
cient for problems with large matrices. The randomization method described in [6–9], which is consid�
ered in this paper, is efficient in the case of large systems. Using the randomization technique, the original
system can be replaced by a system of a lower dimension. This method can be considered as a modification
of the Ulam–Neumann scheme.

In Section 1, we outline the randomized algorithm for solving systems with large dense matrices. In
Section 2, we discuss the error estimation for this algorithm; for this purpose, we use the decomposition
of the error into the deterministic and stochastic components (e.g., see [5, 10]). In Section 3, a specific
randomization technique for the system’s matrix is described (as in [6–9], the randomization is performed
by columns), and the constrained optimization of the resulting stochastic discrete numerical scheme is
discussed (e.g., see [5, 10]). Numerical results are presented in Section 4.

1. RANDOMIZATION OF THE ITERATIVE METHOD

Consider the system of linear algebraic equations

x = Ax + b, (1)

where x = (x1, …, xT)(T), b = (b1, …, bT)(T) ∈ RT (here, (T) denotes the transposition operation), and A =
{att'; t, t' = 1, 2, …, T} for the case T � 1 (that is, we consider large algebraic systems with dense real matri�
ces). Let the spectral radius ρ(A) of A be less than unity. It is known (e.g., see [11]) that the solution x to

the linear system can be written as the Neumann series x =  corresponding to the iterative process

(2)

Σi 0=
∞

A
i
b

x
m 1+( )

Ax
m( )

b, x
0( )

+ b, m 0 1 …., ,= = =
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In practical applications, process (2) is truncated; that is, a certain number of iteration steps M is chosen
and the approximate solution

(3)

is used.

In many applications, the dimension T of problem (1) is large, and the calculation of sum (3) is difficult
(in particular, the matrix can be too large to fit in the computer memory). In this case, the following tech�
nique was proposed in [6–9].

Consider independent identically distributed random matrices G(0), …, G(M – 1) with the expectation А.
Define the random vectors �(m) as

(4)

the vector �(0) is chosen so that E�(0) = b. Relation (4) is a randomization of process (2). Since G(m) and
�(m) are independent random variables by construction, we have E�(m) = x(m).

Algorithm 1. Numerically generate N realizations { , …, ; n = 1, 2, …, N} of independent

identically distributed (as G) random matrices G(0), …, G(M – 1) and calculate the corresponding vectors

 using iterative formula (4). Then, approximately determine the vector x(M) in (3) using the Monte
Carlo method by the formula

(5)

2. ERROR OF THE RANDOMIZATION ALGORITHM

2.1. Decomposition of the Error 

We will consider the error of Algorithm 1 in the norm ||x || = . Note that (x – ) and

δ(M, N) = ||x – || are random variables. By analogy with the L2 approach to the estimation of errors in
functional algorithms (see [5, 10]), we examine how E(δ(M, N))2 tends to zero as the parameters M and N
increase in concord. We show that it holds that

(6)

Indeed, we have

Here,  = ( , …, . Make use of the Cauchy–Schwarz inequality for expectations (see
[12])

where ξ1 and ξ2 are arbitrary random variables. Set ξ1 = 1 and

x x
M( )≈ A

i
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Then, we have

The first term

can be considered as the deterministic component of the error and the second term is the stochastic compo�
nent of the error (6).

2.2. Estimation of the Deterministic Error Component 

We have the following proposition 
Proposition 1 (see [11]). If

(7)

then process (2) converges to the unique solution x to Eq. (1) and

It follows from Proposition 1 that, under condition (7), it holds that

Therefore, when the level of the deterministic error δdet is prescribed, the number of iteration steps can
be found from the inequality

(8)

In the case of large matrices А, the direct calculation of q and ||Ab – b|| on the right�hand side of inequality (8)
is difficult. To find them approximately, one can use an analog of randomized Algorithm 1 with a relatively
low number of tests N1 � N.

2.3. Estimation of the Stochastic Error Component: Covariance Matrix 

To analyze the behavior of the second term ∆2(M, N), consider the covariance matrix

Taking into account the fact that, for m = 0, 1, …, M – 1, we have relations (4) and
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we obtain

(9)

Because G(m) and ξ(m) are independent random variables and Eξ(m) = x(m), we have

Writing the first term in (9) component by component, we obtain

(10)

This reasoning implies that the covariance matrices B(m) = { } satisfy the recurrence

(11)

where

(12)

We stress that B(m) and C(m) are symmetric positive definite matrices. The boundedness condition for the
sequence of the covariance matrices B(m) follows from the following fact.

Proposition 2 (see [7]). Consider the operator SK = E(K ⊗ K) and the limit C = limm →∞
C (m); assume that

C ≠ O. The limit B = limm →∞
B(m) exists and satisfies the equation B = SB + C if and only if ρ(S) < 1.

In the formulation of Proposition 2, we used the Kronecker or tensor multiplication of matrices (see
[13])

It was proved in [13] that, under certain additional conditions, the inequalities ρ(S) < 1 and ρ(E(G(T)G)) < 1
are equivalent.

In [7], the following reasoning is used. Taking into account relations (2) and (4), we have

Then, we obtain

This implies that the inequality ρ(E(G(T)G)) < 1 is sufficient for the convergence of the sequence E ||ξ(m) –
x(m)||2 (this allows us to estimate the stochastic component of the error ∆2(M, N)). Furthermore, using the
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(the trace of B(m), see [13]), the same inequality is sufficient for the convergence of the sequence B(m).
Using Proposition 2, we conclude that, if ρ(E(G(T)G)) < 1, then the sequence E ||ξ(m) – x(m)||2 has the limit
Tr(B) and the following inequality holds:

3. COLUMN RANDOMIZATION OF THE MATRIX

3.1. Special Randomization Technique 

In [6–9], the following algorithm for constructing the random matrix G = {gtt'} (t, t' = 1, 2, …, T) was
considered.

Algorithm 2. Step 1. At random, choose L indexes j(L) = { j1, …, jL} of the columns of A (that is, j(L) is a
random vector consisting of equiprobable positive integers jl not exceeding T).

Step 2. For all t, t' = 1, 2, …, T, set

The expectation of the matrix G is А. Indeed,

(13)

A similar randomization technique can be used for constructing the “initial” (for process (4)) vector �(0).
Note that the Ulam–Neumann scheme (e.g., see [4, 5]) uses Algorithm 1 with the randomization by

Algorithm 2 with L = 1.

3.2. Selection of Random Indexes 

For large T, we need an efficient algorithm for producing L equiprobable indexes at the first step of
Algorithm 2. Such algorithms are studied in [14]. To obtain the results presented in Section 4, we used the
following algorithm.

Consider the array S filled with distinct integers in the range from 1 to T. In particular, we can set

(14)

where S(t) is the tth element in S and := is the re�assignment operation.

Algorithm 3 (Selection with mixing [14]). Select a component j1 of j(L). To this end, we use the formula
for simulating the uniform discrete distribution (e.g., see [5])

(15)

Here and in what follows, α with a subscript denotes a realization of the standard random variable (the
random variable that is uniformly distributed on the interval (0, 1)) obtained using a computer random
number generator (e.g., see [5]). The symbol [A] denotes the integral part of A.

Set j1 = S(k1); then, exchange the values in S(k1) and S(T):

Furthermore, for l = 2, 3, …, L, choose the components jl of j(L) as follows. Select a uniformly distrib�
uted random number kl among the T – l + 1 numbers by the formula (similarly to (15))

(16)

Set jl = S(kl); then, exchange the values in S(kl) and S(T – l + 1):

After Algorithm 3 has finished executing, the array S contains distinct integers from 1 to Т; therefore,
it can be again used by Algorithm 3. Note that the components j1, …, jL of the vector j(L) are stored in the
elements S(T), S(T – 1), …, S(T – L + 1), respectively.

It is clear that the complexity of Algorithm 3 is of order L. However, note that it can be implemented
only for T ≤ T0, where T0 is the effective computer memory capacity that can be used to store the arrays.
This restriction can be removed as follows.

Tr B( ) Tr C( )

1 ρ E G
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G( )( )–
���������������������������������.≤

gtt' Tatt'/L for t ' j
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; 0 otherwise∈{ }.=
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L( )∈{ }× att'.= =
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k1 α1T 1+[ ].=

q := S k1( ), S k1( ) := S T( ), S T( ) := q.

kl αl T l– 1+( ) 1+[ ].=

q := S kl( ), S kl( ) := S T l– 1+( ), S T l– 1+( ) := q.
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Assume that the numbers {1, …, T} are arranged in ascending order; that is, assume that relation (14)
holds. Create the array B of dimension L to store the winning numbers. After step i of the algorithm (i.e.,
after the ith winning number has been selected), the first i elements of B are occupied by the first i winning
numbers arranged in ascending order.

Algorithm 4 (for looking through the preceding selected numbers, [14]). First, using formula (15),
select a random number k1 among T possible numbers and make it the first winning number j1 = k1. Set
B[1] := k1.

For l = 2, 3, …, L, select the components jl of the vector j(L) as follows. Select a random number kl

among (T – l + 1) numbers using (16). Sequentially, check the inequalities
(17)

If all of them are satisfied, set jl = kl + l – 1 and B[l] := kl + l – 1.
Otherwise, for the first i such that kl + i ≤ B[i] do the following operations.
For t = l, l – 1, …, i + 1, sequentially perform the assignments B[t] := B[t – 1], and then place kl + i – 1 into

B[i] and make it the lth winning number: jl = kl + i – 1.
Since the number of operations required to select the lth winning number has the order l (see (17)), the

complexity of Algorithm 4 is of order L2 (indeed, 1 + 2 + … + L = (L + 1)L/2).

3.3. The Computational Cost of Algorithm 1 with the Randomization Performed by Algorithm 2 

Denote by j(L, m) the array of numbers obtained at step m of process (4) (m = 0, 1, …, M – 1). The matrix
G has only L nonzero columns, which are equal to the corresponding columns of А; therefore, to calculate
the vector �(m + 1), only L components of �(m) with the indexes taken from the array j(L, m) are needed; in
turn, these indexes are obtained at the preceding step from the components of �(m – 1) with the indexes
taken from the array j(L, m – 1). Therefore, the amount of computations needed to determine k components
of �(m + 1) is proportional to kL + mL2. If N realizations are needed to achieve the desired accuracy, the total

computational cost of obtaining the estimate  in (5) (if k components of the vector �(M) are approx�
imated) is N (kL + ML2).

If the entire vector �(M) must be estimated, the computational cost of Algorithm 1 with the randomiza�
tion performed by Algorithm 2 can be reduced using the following technique. Perform an additional (M + 1)th
step of process (4), and make up the array j(L, M + 1) using Algorithm 3; in the process, we compute only L
components of �(M) with the indexes taken from this array. In order to make this estimate unbiased, the

resulting components are multiplied by T/L. In this case, the computational cost is  = N((M + 1)L2)

whereas the cost of computing x(M) using directly the simple iteration method is  = (M + 1)T2. For

large T, it can happen that  �  (indeed, T �  in this case).

A similar technique can be used to approximate the functionals , and a special (not neces�

sarily uniform) discrete distribution with the probabilities {pt} can be used to randomize the vector �(M):

3.4. Analysis of the Dependence of the Covariance Matrix on the Parameter L 

Much as in [6–8], write Eq. (11) in the componentwise form (see (10)) taking into account rela�
tion (13):

here,
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Denote by D(m) the diagonal of the matrix B(m). Then, Eq. (11) can be written as

Similarly, we obtain the representation for the matrices C(m) in (12) in the form

Consider the operator H acting in the space of matrices K of order T × T by the rule

where D(K) is the diagonal of the matrix К. Iterative process (11) can be written in the form

If B is a symmetric matrix (i.e., if B = B(T), we have

Therefore, if ||A(T)|| < , the sequence HmB is convergent and ρ(H) < 1.

Note that, when L changes from 1 to T, the cost of computing the components of �(M) increases as L2

while the variance of these components decreases. Therefore, we may expect that there is an optimal L for

which the average cost of the computation of  is minimal.

4. NUMERICAL RESULTS

4.1. Test Problem 

The conjecture of the existence of an optimal value of the parameter L of the numerical scheme based
on Algorithm 1 with the randomization performed by Algorithm 2 was checked, in particular, using the
following test problem. The entries of А were specified as

(18)

To calculate the spectral radius of А, we used the power method (e.g., see [3]). We assumed that the solu�
tion to system (1) is known to be x = (1, …, 1)(T). In this case, we have b = x – Ax.

4.2. On the Choice of the Parameters in Algorithms 1 and 2 

By analogy with [9], we investigated the dependence of the computational cost

(19)

on L for fixed levels of the deterministic and stochastic errors δdet and δstoch;  will be determined later in
this paper (see (21)), and

(20)
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Anticipating things, we note that the nature of the dependence of (19) on L in the test calculation was

in good agreement with the dependence of the actual computational effort (L) needed to attain the pre�

scribed accuracy of the approximate solution  on L (taking into consideration the exact solution x(M)

of the test problem, see Subsection 4.3).
In the test calculations, the number of iteration steps found by formula (8) was M = 5 (for T = 1000

and matrix (18), this corresponds to δdet = 0.032).

For fixed L and M, the number of tests N was chosen from the condition that the relative error εrel =
||x – ξ(M, N)||/||x || is less than a certain predefined level δstoch. Using the equivalence of the norms and the
expressions for the error and approximate variance (e.g., see [5]), we conclude that, for sufficiently
large N,

with a probability close to unity. We assumed that γ is 2, which corresponds to the level δstoch = 0.025. The
quantity N0 was calculated K times, and

(21)

was used in (19) and (20).

4.3. Description of the results 

The test calculations were performed for different values of T. In Fig. 1, for a relatively small T = 100,
the behavior of computational cost (19) and the norm of variance (20) depending on L varying in the range

from 1 to 100 is shown. The dependence of the actual computational effort (L) needed to attain the pre�

scribed accuracy on L is in complete agreement with the plot of the computational cost S(L, M, ).
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A similar picture was observed for the practically important case of large Т. In particular, in Fig. 2 and

3, the plots of computational cost (19) and of the actual computational effort (L) are shown for T =
1000.

4.4. Conclusions 

The numerical results suggest the following conclusions.

1. Formula (19) for the computational cost is in good agreement with the dependence of the actual
computational effort of Algorithm 1 with the randomization performed using Algorithm 2 on the param�

eters L, M, and  for the given level of the acceptable error.

2. The conjecture made in [6–9] that the computational cost of Algorithm 1 with the randomization
performed using Algorithm 2 can be small when L is relatively small was confirmed.

3. The conjecture made in [6–9] that computational cost (19) considered as a function of L has a min�
imum when the error level is fixed was not confirmed. Moreover, it has a maximum, and the same is true
not only for matrix (18) but also for other matrices (in particular, see [15]).
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INTRODUCTION

Integral transforms and their inverses (e.g., the Fourier–Bessel transform) are widely used to solve var�
ious problems in calculus, mechanics, mathematical physics, and computational mathematics (see, e.g.,
[1–6]).

We describe an interesting application (see [7]) of the Fourier–Bessel integral transform in the theory
of second�order ordinary differential equations with singularities.

Consider the Bessel second�order differential equation in the form of Liouville,

(A)

in the Hilbert space L2(0, ∞), where zero is a singular point. For ν ∈ (0, 1), this equation has the solutions

where J
ν
(·) is a Bessel function of the first kind. Here, the analytic function  : �  � is defined in

the following sense: if λ = ρexp(iη), then  = ρ1/2exp  for ρ ∈ [0, ∞] and η ∈ [0, 2π). Applying

the initial value theorem to the point 0, we define the Titchmarsh–Weyl m�coefficient for the entire inter�
val (0, ∞). As a result, it can be proved that the inverse Fourier–Bessel transform is an eigenfunction of
problem (A).

In this paper, we prove two estimates for the Fourier–Bessel integral transform, which can be used in
particular problems. In a sense, these estimates resemble those for the Fourier integral transform in L2(�)
(see [8]).

In Section 1, we give some definitions and preliminaries concerning the Fourier–Bessel transform.
The estimates are proved in Section 2.

1. THE FOURIER–BESSEL INTEGRAL TRANSFORM 
AND ITS BASIC PROPERTIES

Given a function f ∈ L2(�+), the Fourier–Bessel integral transform of order p is defined as

(1)

–y'' x( ) ν2 1
4
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where Jp(x) is the Bessel function of the first kind of order p. The inverse Fourier–Bessel transform is
defined as

(2)

In the theory of special functions and integral transforms, (1) is also known as the Hankel integral trans�
form of order ν. It can be written as

or as

(see [6, pp. 666–668]). However, these definitions are equivalent if f(x) is replaced by (x) and Fν(y) is

replaced by (y). For f ∈ L1((0, ∞), x2µ + 1), the following notation is sometimes used:

Different notation used for inverse transform (2) is

Hankel theorem (see [1, p. 311]). If f(x) belongs to L1(0, ∞) and has a bounded variation in the neighborhood
of x, then, for ν ≥ –1/2,

If f(x) is continuous, then the left�hand side of this formula is f(x).
The Hankel transforms of orders 1/2 and –1/2 are transformed into the sine and cosine Fourier trans�

forms

since

Consider the normed space L2(�+) of square integrable functions f : �+  � equipped with the norm

Theorem [9, p. 20]. If  f(x)xp + 1/2 ∈ L2(�+), then the Hankel transform g(t) = Fp[ f ](t) also belongs to L2(�+)
with the weight s p + 1/2; i.e., Fp[ f ](t)s p + 1/2 ∈ L2(�+). Moreover, we have Parseval’s identity
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Specifically, if  f(x) ∈ L2(�), then Parseval’s identity becomes

(3)

For our goal, it is convenient to replace the Bessel function Jp(x) with the normalized Bessel function

of the first kind jp( ), which is related to Jp(x) by the formula

It is easy to show that jp( ) solves the Bessel equation

with the initial conditions

Now, we derive formulas for the expansion of the Fourier–Bessel transform in terms of jp( ).

For x p + 1/2f ∈ L2(�+), the Fourier–Bessel (Hankel) transform and its inverse in terms of jp( )
become

and

Thus, the expansions of  f(x) and g(t) in terms of  jp(xt) take the form

(4)

and

(5)

Accordingly, Parseval’s identity becomes

(6)

In L2(�+), consider the generalized shift operator Th (see [10, p. 121])
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If f(x) has a continuous first derivative, then

If it has a continuous second derivative, then u(x, h) = Th f(x) solves the Cauchy problem

The operator Th is linear, homogeneous, and continuous. Below are some properties of this operator
(see [10, pp. 124–125]):

(i)  = .

(ii) Th is self�adjoint. If f(x) is a continuous function such that  < ∞ and g(x) is contin�

uous and bounded for all x ≥ 0, then

(iii) Th f(x) = Th f(h).
(iv) ||Th f – f ||  0 as h  0.
The first� and higher order finite differences of f(x) are defined as follows:

where E is the identity operator in L2(�+), and

where  = f(x), , Th( (x)) for i = 1, 2, …, k; and k = 1, 2, ….

The kth order generalized modulus of continuity of a function f ∈ L2(�+) is defined as

Let  denote the class of functions f ∈ L2(�+) that have generalized derivatives in the sense of Levi
(see [12, p. 172]) satisfying the estimate

where Φ(t) is any nonnegative function given on [0, ∞). Moreover, for the Bessel operator �, we have

In view of formulas (4) and (5),

Therefore, combining the relation
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which, for any function  f ∈ (�), implies

(7)

Below are the main results of this paper.

2. ESTIMATES FOR THE HANKEL TRANSFORM

Taking into account what was said in Section 1, for some classes of functions characterized by the gen�
eralized modulus of continuity, we can prove two estimates for the integral

, (8)

which are useful in applications.

Theorem 1. For functions f(x) ∈ L2(�+) in the class (�),

(9)

where r = 0, 1, …,; k = 1, 2, …; c > 0 is a fixed constant; and Φ(t) is any nonnegative function defined on the
interval [0, ∞).

Proof. We use the following asymptotic formulas for the Bessel function Jp(x) (see [3, pp. 353 and 359]):

  ∞, (10)

  ∞. (11)

In the terms of jp(x), we have (see [11])

(12)

(13)
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Let f ∈ . Taking into account the Hölder inequality yields
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In view of (7), we conclude that

Therefore,

By the definition of jp(x), it follows that

Combining this with estimate (14) gives

Therefore,

or

Setting h = c/N in the last inequality and choosing c > 0 such that 1 – O(c–p – 1/2) � 1/2, we obtain

Raising both sides to the 2kth power yields

which proves Theorem 1.
Theorem 2. Let Φ(t) = tν, where ν > 0. Then
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i.e.,

It is easy to show, that there exists a function f ∈ L2(�+) such that Drf ∈ L2(�) and

Combining this with Parseval’s identity produces

This integral is divided into two:

where N = [h–1] Let us estimate them separately.
By virtue of (13), we have

i.e.,

Now we estimate I1. By virtue of (13),
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i.e., I1 = O(h2kν).
Combining the estimates for I1 and I2 gives

which means that f ∈ . The necessity is proved.
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INTRODUCTION

In this paper, we examine the existence of minimizers for a function f defined on a metric space X.
Theorems are proved that assert the existence of minimizers, and examples of the functions for which
these theorems are valid are given.

Then, these theorems are applied to proving theorems on fixed points of univalent and multivalued
mappings of metric spaces. In particular, we prove a theorem generalizing Banach’s principle of contrac�
tion mappings and its extension given in [3]. We also show that the Nadler theorem (the principle of mul�
tivalued contraction mappings) and certain extensions of this principle are implications of our theorems.
Finally, we examine coincident points of two mappings and obtain certain results that extend the ones pre�
sented in [1].

1. MINIMUM OF A FUNCTIONAL IN A METRIC SPACE

In what follows, X and Y are metric spaces with the metric ρ and d, respectively. Furthermore, X is
assumed to be a complete space. In the Cartesian product X × Y, we define the distance between the points
(x1, y1) and (x2, y2) by the formula ρ(x1, x2) + d(y1, y2), which makes it a metric space.

Let f : X  � ∪ {∞} be a function satisfying the following conditions:
(f1) f(x) ≥ 0, x ∈ X;

(f2) if a sequence {xn} ⊂ X converges to x∗ and  = 0, then f(x∗) = 0.

It is obvious that, if f satisfies condition (f1) and is continuous (or lower semicontinuous), then it sat�
isfies condition (f2). We give another example of a function satisfying the above conditions.

Proposition 1. Let A ⊂ X be a given subset and h : X  Y be a given continuous mapping. Assume that g :
A  Y is a mapping whose graph {(x, y) : x ∈ A, y = g(x)} is closed in X × Y (this means that, if a sequence
{xn} ⊂ A converges to x∗ and {g(xn)}  y∗, then x∗ ∈ A and g(x∗) = y∗). Then, the function

satisfies conditions (f1) and (f2).
Proof. The validity of condition (f1) is obvious. Let us verify the validity of (f2). Indeed, assume that a

sequence {xn} ⊂ A converges to x∗ and  = 0. Since h is a continuous mapping, we have h(xn) 

h(x∗). The assumption f(xn) = d(h(xn), g(xn))  0 implies that g(xn)  h(x∗). Since the graph of g is

closed, we conclude that x∗ ∈ A and g(x∗) = h(x∗); that is, f(x∗) = 0.

f xn( )
i ∞→

lim

f x( )
d h x( ) g x( ),( ), x A∈

∞, x A,∉⎩
⎨
⎧

=

f xn( )
i ∞→

lim
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Remark 1. Suppose that X is the space of continuous functions on the interval [a, b], [a, b], h : X 
X is a continuous mapping, A is the set of continuously differentiable functions on the above interval, and
g : A  X is the operator of differentiation. It is obvious that, in this case, the hypotheses of Proposition
1 are fulfilled. Moreover, Proposition 1 holds even if X is not assumed to be a complete space.

Now, we examine the question of whether there exist points at which f attains its minimum. To this end,
we prove the following lemma, which seems to be of independent interest.

Lemma 1. Let f satisfy condition (f2) and  = 0. Let x0 ∈ X and f(x0) < ∞. Assume that there exist

scalars c > 0 and k ∈ [0, 1] and a point sequence  ⊂ X satisfying the conditions

(1)

(2)

Then, there exists a minimizer x∗ for the function f, and it holds that

(3)

Proof. Let  be a point sequence satisfying the conditions of the lemma. If f(xn) = 0 for some
point xn in this sequence, then the lemma is proved. Suppose that f(xn) ≠ 0 for all n; then, inequality (1)
implies that 0 < f(xn) ≤ knf(x0). Hence, we have  = 0.

On the other hand, from inequality (2) we deduce that

Thus, {xn} is a fundamental sequence. Since X is a complete space, there exists x∗ = . In view of (f2),

we conclude that

Now, we estimate the distance ρ(x0, x∗). We have

Passing to the limit over n in this inequality, we obtain ρ(x0, x∗) ≤ . The lemma is proved.

Theorem 1. Let f satisfy conditions (f1) and (f2). Assume that there are scalars c > 0 and k ∈ [0, 1] such
that, for any point x ∈ X, there exists a point x' ∈ X satisfying the inequalities

(4)

(5)

Then, for any point x0 ∈ X : f(x0) < ∞, there exists a point x∗ ∈ X such that f(x∗) = 0 and ρ(x0, x∗) ≤ .

Proof. In view of (4) and (5), there exists a point sequence  ⊂ X satisfying the conditions of
Lemma 1.

Remark 2. The key condition of Theorem 1 is the one requiring the existence of a point x' that satisfies (4)
and (5). This condition was first proposed in [4], where a method was developed for the discrete descent
over the values of special metric functionals.

Corollary 1. Let f satisfy conditions (f1) and (f2). Let x0 ∈ X and f(x0) < ∞. Assume that there exist a
(possibly discontinuous) mapping ϕ : X  X and scalars c > 0 and k ∈ [0, 1] such that 

(6)

(7)

Then, there exists a point x∗ ∈ X such that f(x∗) = 0 and ρ(x0, x∗) ≤ . 
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ρ x ϕ x( ),( ) cf x( ).≤

cf x0( )
1 k–
�����������
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Proof. Let x0 ∈ X be a point for which f(x0) < ∞. Consider the iterative sequence xn = ϕ(xn – 1), n = 1,
2, …. It is easy to verify that this sequence satisfies the conditions of Lemma 1, which yields the required
result.

Now, we state a simple sufficient condition for the uniqueness of a minimizer of the function f.
Proposition 2. Let f satisfy the hypotheses of Theorem 1. Assume that, for every x, y ∈ X, there exists a sca�

lar β such that

Then, f has a unique minimizer.
This assertion is obvious.
We give examples of the functions for which the conditions of the above propositions are fulfilled.
It is easy to see that, for a contraction mapping g : X  X having the Lipschitz constant k < 1, the

function f(x) = ρ(x, g(x)) satisfies conditions (6) and (7); that is, f(g(x)) ≤ kf(x) and ρ(x, g(x)) ≤ f(x).
Example 1. Denote by C(X) the set of nonempty closed subsets of X. Let G : X  C(X) be a multivalued

contraction mapping; that is, there exists a scalar k0 ∈ [0, 1) such that

for all x, y ∈ X. Here, h is the Hausdorff metric generated by ρ.
Consider the function f : X  � defined by f(x) = ρ(x, G(x)). This is a continuous function because

We show that this function satisfies inequalities (4) and (5). Choose a scalar α > 0 such that k = k0(1 +
α) < 1. Let x' be an arbitrary point in G(x) such that ρ(x, x') < (1 + α)ρ(x, G(x)) = (1 + α) f(x); that is,
inequality (5) is satisfied with c = 1 + α. Such a point always exists.

Now, we verify the validity of (4). We have

that is, (4) is fulfilled. Thus, f satisfies the conditions of Theorem 1.
Let us give an example of a function that satisfies of Lemma 1 but does not satisfy the conditions of

Theorem 1.
Example 2. Let x0 ∈ X. Denote by BR(x0) the closed ball of radius R centered at x0. Let G : BR(x0) 

C(X) be a multivalued contraction mapping with the constant k0 satisfying the condition

Consider the function f : X  � ∪ ∞, defined by

Since this function is continuous on the closed ball BR(x0), it is lower semicontinuous. Let us show that
we can construct a sequence that satisfies conditions (1) and (2).

Choose a scalar α > 0 such that k = k0(1 + α) < 1 and

These inequalities are fulfilled if

We want to construct a sequence  such that

(a) ,

(b) ,

(c) .

We construct this sequence by induction. The point x0 is the same as in the condition of this example.
Let x1 be an arbitrary point in G(x0) such that

ρ x y,( ) β f x( ) f y( )+( ).≤

h G x( ) G y( ),( ) k0ρ x y,( ),≤

f x( ) f y( )– ρ x G x( ),( ) ρ y G y( ),( )– ρ x y,( ) h G x( ) G y( ),( ) 1 k0+( )ρ x y,( ).≤+≤=

f x'( ) ρ x' G x'( ),( ) h G x( ) G x'( ),( ) k0ρ x x',( ) kρ x G x( ),( )<≤ ≤ kf x( ),= =

ρ x0 G x0( ),( ) 1 k0–( )R.<

f x( )
ρ x G x( ),( ), x BR x0( )∈

∞, x BR x0( ).∉⎩
⎨
⎧

=

r 1 α+( )ρ x0 G x0( ),( ) 1 k–( )R.<=

0 α min
1 k0–( )R ρ x0 G x0( ),( )–

ρ x0 G x0( ),( ) k0R+
������������������������������������������������; 

1 k0–
k0

�����������
⎩ ⎭
⎨ ⎬
⎧ ⎫

.< <

xn{ }n 0=
∞

xn BR x0( )∈

xn G xn 1–( )∈

ρ xn 1– xn,( ) 1 α+( )ρ xn 1– G xn 1–( ),( )≤

ρ x0 x1,( ) r≤ 1 α+( )ρ x0 G x0( ),( ).=
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Thus, this point satisfies conditions (a), (b), and (c). Such a point always exists.
Suppose that we have already constructed the first n + 1
members of our sequence, that is, the points x0, …, xn. Then, ρ(xn, G(xn)) < (1 + α)ρ(xn, G(xn)). Con�

sequently, there exists a point xn + 1 ∈ G(xn) such that ρ(xn + 1, xn) ≤ (1 + α)ρ(xn, G(xn)). Let us verify that
this point belongs to the ball BR(x0).

We have

Consequently, it holds that

Then, we obtain

Thus, we have constructed the sequence 

Now, we verify that this sequence satisfies inequalities (1) and (2). Indeed, in view of condition (c), we
have

that is, condition (2) is fulfilled.
Furthermore, it holds that

that is, condition (1) is fulfilled.

2. SOLVABILITY OF EQUATIONS IN METRIC SPACES

We apply Theorem 1 and its corollaries to prove certain theorems on the existence of solutions to oper�
ator equations and inclusions in metric spaces.

Let g : X  X be a mapping.
Definition 1. We say that g is a weakly lower semicontinuous mapping if the function f(x) = ρ(x, g(x)) is

lower semicontinuous.
It is obvious that a continuous mapping is always weakly lower semicontinuous and the inverse state�

ment is false.
Theorem 2. Let g be a weakly lower semicontinuous mapping. Assume that there are scalars k ∈ [0, 1) and

c > 0 such that, for any point x ∈ X, there exists a point x' ∈ X satisfying the inequalities

(8)

(9)

Then, g has a fixed point x∗ such that

(10)

We can derive this assertion from Theorem 1 by considering the function f(x) = ρ(x, g(x)).
Banach’s principle of contraction mappings is a natural implication of this theorem; namely, if g is a

contraction mapping, then g(x) should be taken as the point x'. Then, we have

and

Thus, the hypotheses of Theorem 2 are fulfilled. In a similar way, a theorem on fixed points analogous to
the one given in [3] can also be derived from Theorem 2.

ρ xi G xi( ),( ) h G xi 1–( ) G xi( ),( ) k0ρ xi xi 1–,( ) k0 1 α+( )ρ xi 1– G xi 1–( ),( )≤ ≤ ≤

≤ k0
i

1 α+( )iρ x0 G x0( ),( ) i∀ 1 2 … n., , ,=

ρ xi xi 1+,( ) 1 α+( )ρ xi G xi( ),( ) k0
i

1 α+( )i 1+ ρ x0 G x0( ),( ).≤ ≤

ρ x0 xn 1+,( ) ρ xi xi 1+,( )
i 0=

n

∑ k0
i

1 α+( )i 1+ ρ x0 G x0( ),( )
i 0=

n

∑
1 α+( )ρ x0 G x0( ),( )

1 k–
��������������������������������������� R.<≤ ≤ ≤

xn{ }n 0=
∞

ρ xn 1– xn,( ) 1 α+( )ρ xn 1– G xn 1–( ),( )≤ 1 α+( )f xn 1–( );=

f xn( ) ρ xn G xn( ),( ) h G xn 1–( ) G xn( ),( ) k0ρ xn 1– xn,( )≤ ≤=

≤ k0 1 α+( )ρ xn 1– G xn 1–( ),( ) kf xn 1–( ),=

ρ x' g x'( ),( ) kρ x g x( ),( ),≤
ρ x x',( ) cρ x g x( ),( ).≤

ρ x0 x*,( )
cρ x0 g x0( ),( )

1 k–
�������������������������.≤

f x'( ) ρ x' g x'( ),( ) kρ x g x( ),( )≤ kf x( )= =

ρ x x',( ) f x( ),=
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Below, we use the following definition.
For points x1, x2 ∈ X, the set of all points x ∈ X such that

is called the segment [x1, x2].
Theorem 3. Let g: X  X be a weakly lower semicontinuous mapping. Assume that there are scalars λ0 > 0 and

k0 ∈ (0, 1) such that, for any point x ∈ X, there exists a point x' ∈ [x, g(x)] satisfying the inequalities

(11)

(12)

Then, for any point x0 ∈ X, there exists a fixed point x∗ of the mapping g for which

(13)

Proof. To prove this theorem, we verify that the function f(x) = ρ(x, g(x)) satisfies the conditions of
Theorem 2.

Let x be an arbitrary point in X, and let x' be a point satisfying the conditions of Theorem 3. Let us
verify that inequalities (8) and (9) are fulfilled. This is obvious for inequality (9) because ρ(x, x') ≤ ρ(x,
g(x)) = f(x). As for inequality (8), we have

Since x' satisfies inequality (12), it holds that λ0ρ(x, g(x)) ≤ ρ(x, x'). This implies that

where k = 1 – λ0(1 – k0). Thus, inequality (8) is fulfilled.
Now, the assertion of Theorem 3 follows from Theorem 2. Moreover, inequality (13) is obtained from

(10) by setting c = 1 and k = 1 – λ0(1 – k0).
Remark 3. In [3], mappings satisfying inequality (11) are said to be contracting along a direction. An

example is given in [3] of a mapping g that is contracting along a direction but is not a contraction map�
ping.

Theorem 2 can also be used for proving the existence of fixed points in the case of discontinuous map�
pings. Here is a very simple example.

Example3. Let X = �, and let g : X  X be the mapping defined by

where n is a positive integer. It is obvious that x = 0 is a unique fixed point of this mapping.
Consider the function f(x) = |x – g(x)|; that is,

We show that this function satisfies the conditions of Theorem 2. It is obvious that it is lower semicontin�
uous; that is, g is a weakly lower semicontinuous mapping. If x = 0, then we also take 0 as x'. If x ≠ 0, then
we take as x' a scalar of the same sign as that of x. The scalar |x' | must belong to the interval (0, | |x |/2), and

|x' | = 1/n, where n is a positive integer. Then, f(x') ≤ f(x) and |x – x' | ≤ 2f(x); that is, f satisfies the con�

ditions of Theorem 2.
Consider another problem. Let b ∈ X be a fixed point.
Definition 2. We say that g is a weakly lower semicontinuous mapping with respect to b if the function

f(x) = ρ(b, g(x)) is lower semicontinuous.
We are interested in the solvability of the equation

(14)
Theorem 4. Let g be a weakly lower semicontinuous mapping with respect to b. Assume that there are sca�

lars k ∈ [0, 1) and c > 0 such that, for any point x ∈ X, there exists a positive integer n = n(x) for which we have

ρ x1 x,( ) ρ x x2,( )+ ρ x1 x2,( ).=

ρ g x( ) g x'( ),( ) k0ρ x x',( ),≤

λ0ρ x g x( ),( ) ρ x x',( ).≤

ρ x0 x*,( )
ρ x0 g x0( ),( )
λ0 1 k0–( )

�����������������������.≤

f x'( ) ρ x' g x'( ),( ) ρ x' g x( ),( ) ρ g x( ) g x'( ),( ) ρ x g x( ),( ) ρ x x',( )– k0ρ x x',( )+≤+≤=

≤ ρ x g x( ),( ) 1 k0–( )ρ x x',( ).–

ρ x g x( ),( ) 1 k0–( )ρ x x',( )– kρ x g x( ),( )≤ kf x( ),=

g x( )
3x, x 1/n≠

x/2, x 1/n,=⎩
⎨
⎧

=

f x( )
2 x , x 1/n≠

x /2, x 1/n.=⎩
⎨
⎧

=

1
2
��

g x( ) b.=
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(i) ρ(b, gn(x)) ≤ kρ(b, g(x)),
(ii) ρ(x, gn(x)) ≤ cρ(b, g(x)).
Let x0 be an arbitrary point in X. Then, Eq. (14) has a solution x∗, and it holds that

Proof. Consider the mapping ϕ : X  X defined by ϕ(x) = gn(x)(x). It is obvious that this mapping sat�
isfies the conditions of Corollary 1, which proves the theorem.

Remark 4. This theorem provides a basis for the development of algorithms for solving Eq. (14).
Now, we turn to the study of fixed points of multivalued mappings. Let G : X   C(X) be a multivalued

contraction mapping. It is obvious that Theorem 1 and Example 1 imply the well�known Nadler theorem
(e.g., see [5]). It is also obvious that Lemma 1 and Example 2 imply the extension of the Nadler theorem
given in [2]. We consider another application of Theorem 1.

Let А be a closed subset of X, and let G : X  C(X) be a multivalued contraction mapping. Assume
that A ∩ G(x) ≠ ∅ for every x ∈ A. We give an example of the situation where the mapping G satisfies the
above assumptions but has no fixed points.

Example 4. Let X = �
2
 and A = {(x, 0)| x ∈ �}, and let G : �

2
  C(�

2
) be the mapping defined by

Then, h(G(x), G(y)) is the least distance between two parallel lines and

that is, G is a contraction mapping.
Observe that G(x) ∩ A = {(x + 1, 0)}. Thus, this intersection is nonempty, it is not a contraction map�

ping, and it has no fixed points.
We use Theorem 1 to study the following question: under what conditions a multivalued mapping G :

A  C(X) has fixed points?
We assume that G satisfies the following conditions:
(i) the function f0(x) = ρ(x, G(x) ∩ A) is lower semicontinuous;
(ii) the intersection A ∩ G(x) ≠ ∅ for all x ∈ A.
The multivalued contraction mapping in Example 4 obviously satisfies these conditions.
Theorem 5. Let a multivalued mapping G satisfy conditions (i) and (ii). In addition, assume that the fol�

lowing condition is fulfilled:
(iii) there are scalars k ∈ [0, 1) and с > 0 such that, for any point x ∈ A, there exists a point x' ∈ (A ∩ G(x))

satisfying the inequalities

Then, for any point x0 ∈ A, the multivalued mapping G(x) has a fixed point x∗ ∈ A such that

Proof. Define the function f : X  �+ by the formula

It is easy to see that, under the assumptions made above, f is lower semicontinuous. Then, f(x0) < ∞ for
every point x0 ∈ A, and the conditions of Theorem 1 are fulfilled. It follows that there exists a point x∗ ∈
A such that f(x∗) = 0; that is, ρ(x∗, G(x∗)) = 0. Since G(x∗) is a closed set, we have x∗ ∈ G(x∗). The theo�

rem is proved.

Let B and C be subsets of X. Denote by ρ∗(B, C) =  the semideviation of B from C.

ρ x0 x*,( )
cρ b g x0( ),( )

1 k–
������������������������.≤

G x( ) u v,( ) u 1
2
��v– x– 1 = 0–

⎩ ⎭
⎨ ⎬
⎧ ⎫

.=

h G x( ) G y( ),( ) 2 x y–

5
��������������;=

ρ x' G x'( ),( ) kρ x G x( ),( ), ρ x x',( ) cρ x G x( ),( ).≤ ≤

ρ x0 x*,( )
cρ x0 G x0( ),( )

1 k–
��������������������������.≤

f x( )
f0 x( ), x A∈

∞, x A.∉⎩
⎨
⎧

=

ρ b c,( )
c C∈

inf
b B∈

sup
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Corollary 2. Let a multivalued mapping G(x) satisfy conditions (i) and (ii). Assume that there is a scalar
k0 ∈ (0, 1) such that, for any point x ∈ A, there exists a point x' ∈ (A ∩ G(x)) satisfying the inequality 

Then, for any point x0 ∈ A and any scalar k ∈ (k0, 1), the multivalued mapping G(x) has a fixed point x∗
∈ A such that 

Proof. Consider an arbitrary point x ∈ A and an arbitrary scalar k in the interval (k0, 1). Define ε = (k – k0)/k0;
then, k = k0(1 + ε). The definition of the semideviation between two sets implies that there exists a point
x' ∈ (G(x) ∩ A) such that

Let us find a bound on f(x'). We have

Now, the validity of the required assertion follows from Theorem 5, where we set с = 1 + ε and k = k0(1 + ε).

3. COINCIDENT POINTS OF TWO MAPPINGS

Let А be an arbitrary subset of X. Consider two mappings, namely, a continuous mapping h : X  Y
and a mapping g : A  Y having a closed graph.

We call x∗ ∈ A a coincident point of these mappings if h(x∗) = g(x∗).

Theorem 6. Assume that there are scalars k ∈ [0, 1) and c > 0 such that, for any point x ∈ A, there exists
a point x' ∈ A satisfying the inequalities

Then, the mappings h and g have a coincident point x∗ such that

To prove this theorem, consider the function f defined in Proposition 1. According to this proposition, f
satisfies conditions (f1) and (f2). Hence, the required assertion follows from Theorem 1.

Some theorems on the coincidence of an α�covering mapping and a Lipschitz mapping were obtained
in [1]. We examine a certain development of these theorems based on Theorem 6. First, we recall some
relevant definitions. Let BR(x) be the closed ball of radius R centered at a point x ∈ X; similarly, BR(y) is a
closed ball in the space Y.

We say that g : A ⊂ X  Y is an α�covering mapping if there exists a scalar α > 0 such that the inclusion

holds for all x ∈ A and all R > 0.
Corollary 3. Let g : A ⊂ X  Y be an α�covering mapping having a closed graph, and let h : X  Y

be a β�Lipschitz mapping, where β < α. Then, for any point x0 ∈ A, there exists a coincident point x∗ of

the mappings h and g such that 

Proof. We verify that the mappings g and h satisfy the conditions of Theorem 6 for k = β/α and c = α–1 Let

x be an arbitrary point in А. Define y = h(x) ∈ Y and R = .

Since g is an α�covering mapping, there exists a point x' ∈ BR(x) ∩ A such that g(x') = y. We show that
x' is the desired point. Indeed, we have

ρ* G x( ) A G x'( ) A∩,∩( ) k0ρ x x',( ).≤

ρ x0 x*,( )
kρ x0 G x0( ),( )

k0 1 k–( )
��������������������������� .≤

ρ x x',( ) 1 ε+( )ρ x G x( ) A∩,( )≤ 1 ε+( )f x( ).=

f x'( ) ρ x' G x'( ) A∩,( ) ρ* G x( ) A G x'( ) A∩,∩( ) k0ρ x x',( )≤ ≤=

≤ k0 1 ε+( )ρ x G x( ) A∩,( ) kf x( ).=

d h x'( ) g x'( ),( ) kd h x( ) g x( ),( ),≤
ρ x x',( ) cd h x( ) g x( ),( ).≤

ρ x0 x*,( )
cd h x0( ) g x0( ),( )

1 k–
��������������������������������.≤

g BR x( ) A∩( ) B
αR g x( )( ).⊃

ρ x0 x*,( )
d h x0( ) g x0( ),( )

α β–
������������������������������.≤

d g x( ) y,( )
α

�������������������

d g x'( ) h x'( ),( ) d y h x'( ),( ) d h x( ) h x'( ),( ) βρ x x',( ) β
α
���d g x( ) h x( ),( )≤ ≤ kd g x( ) h x( ),( ),= = =
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which proves the first inequality. Let us verify the second inequality:

Thus, the second inequality is also fulfilled. Now, the required assertion follows from Theorem 6.
For A = X, Corollary 3 can be derived from Theorem 2 given in [1]. Let us give an example of mappings

satisfying the hypotheses of Theorem 6 but not the ones of Corollary 3.

Example 5. Consider the metric spaces X = A = �
2
 andY = �. For x = (x1, x2) ∈ X, we define the map�

ping g by the formula g(x) = x1. It is obvious that g is a 1�covering mapping. The mapping h : X  Y is

defined by the formula h(x) =  + . We verify that these mappings satisfy all the conditions of The�

orem 6 for k = 1/2 and c = 1.

Take an arbitrary point x = (x1, x2) ∈ X and set x' = ( , ), where  = h(x) and  = x2. Then, g(x') =

h(x), whence |g(x') – h(x')| = |h(x) – h(x')| = |x1 – |/2. On the other hand, the choice of x' implies that

|  – x1| = |g(x) – h(x)|. Consequently, we have |g(x') – h(x')| = k|g(x) – h(x)|. Since ρ(x, x') = |g(x) –

h(x)|, we also haveρ(x, x') = |x1 – |. Thus, all the hypotheses of Theorem 6 are fulfilled. At the same
time, the hypotheses of Corollary 3 are not fulfilled because the mapping h does not satisfy the Lipschitz

condition on �
2
.
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1. INTRODUCTION

The derivation of estimates and the approximation of set�valued mappings is a direction of studies in
nonsmooth analysis (see [1–5]). The simplest example of a set�valued mapping is a segment function.
Below, we study the properties of the solution to the problem of external estimation of a given continuous
segment function by a simpler segment function whose graph is a least�width polynomial strip containing
the graph of the original segment function. Here, by a polynomial strip, we mean a strip of constant width
in ordinate whose axis is the graph of a polynomial of given degree.

Let a segment function F(t) = [ f1(t), f2(t)] be given on an interval [c, d] by two continuous functions
f1(t) and f2(t) with finite values at the endpoints of the interval, and let f1(t) ≤ f2(t) for all t ∈ [c, d]. In what
follows, Pn(A, t) = a0 + a1t + … + antn is understood as a polynomial of fixed degree n with the coefficient

vector A = (a0, …, an) ∈ �
n + 1

.

Consider the problem

  (1.1)

Obviously, the segment [Pn(A, t) – ρ(A), Pn(A, t) + ρ(A)] covers F(t) for any t ∈ [c, d] and A ∈ �
n + 1

.
Therefore, if we define

then the graph of the segment function Πn(A*, t) = [Pn(A*, t) – ρ(A*), Pn(A*, t) + ρ(A*)] for A* ∈ Ωρ is a
strip of the least (in ordinate) width 2ρ* that contains the graph of F(·). Problem (1.1) is referred to as the
problem of external estimation of F(·) by a polynomial strip.

Obviously, when f1(t) ≡ f2(t) for t ∈ [c, d], problem (1.1) degenerates into the Chebyshev problem of
uniform approximation of a continuous function with a polynomial of given degree. Simple examples
show that problem (1.1) is not reduced to the Chebyshev problem of approximating the arithmetic mean
of f1(t) and f2(t). On the other hand, max{Pn(A, t) – f1(t), f2(t) – Pn(A, t)} involved in the objective function
ρ(A) is the Hausdorff distance between the segment F(t) and the value of the polynomial Pn(A, t). There�
fore, (1.1) can also be treated as the problem of the best uniform approximation of F(·) by a polynomial of
given degree in the Hausdorff metric. In this context, an association arises with the approximation of the
graph of a segment function by the graph of a polynomial but in the Hausdorff metric of a two�dimensional
space. This problem has been considered by many authors (see, e.g., [6]), but, in contrast to (1.1), it is not
a convex programming problem.

ρ A( ) max Pn A t,( ) f1 t( )– f2 t( ) Pn A t,( )–,{ }
t c d,[ ]∈
max≡ .

A �
n 1+

∈

min

ρ* ρ A( ), Ωρ

A �
n 1+

∈

min Arg ρ A( ),
A �

n 1+
∈

min= =
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It is also pertinent to recall the snake problem (see, e.g., [7, p. 34]), in which polynomials of given
degree n (lower and upper snakes) are sought whose graphs n + 1 times touch those of given continuous
functions g1(·) and g2(·) on an interval, provided that g1(t) < g2(t) on the entire interval and the graphs of
the polynomials are contained in that of the segment function Φ(t) = [g1(t), g2(t)]. Below, we show that,
under certain conditions, the solution to problem (1.1) solves a snake problem, but, for such a snake, there
is a “redundant” alternance in the sense that the graphs of some functions g1(·) and g2(·) are touched in
turn at least n + 2 times by the snake.

We can also consider the problem

  (1.2)

Define

If π* ≤ 0, then 2|π*| is the maximum width (in ordinate) of a polynomial strip contained in the graph
of F(·). For A* ∈ Ωπ, the graph of the polynomial Pn(A*, t) specifies the axis of this strip. In this situation,
(1.2) can be regarded as the problem of internal estimation of F(·) by a polynomial strip. However, a situa�
tion is possible when F(·) has no polynomial selector of degree n, which corresponds to the case of π* > 0.
Then π* is the maximum deviation of the value of the optimal polynomial Pn(A*, t) from F(t) on the interval
[c, d]. However, if  f1(·) and  f2(·) in problem (1.2) are replaced by the respective functions

where c ≥ π*, then the new problem, which is equivalent to the old one, can again be geometrically inter�

preted as the problem of internal estimation of the segment function (t) = [ (t), (t)].
Moreover, since f1(t) ≤ f2(t), we conclude that, by replacing f1(·) and f2(·) in (1.2) with the respective

functions

where m ≥ maxt ∈ [c, d]( f2(t) – f1(t))/2, problem (1.2) becomes the equivalent problem of external estima�

tion for (t) = [ (t), (t)]. Therefore, problem (1.2) is of no importance other than that of problem
(1.1).

Finally, we note that problem (1.1) was considered in [8, 9] in a discrete setting when F(·) is specified
on a finite grid of argument values.

It is easy to see that ρ(A) is convex and finite on �
n + 1

. The study below is based primarily on convex
analysis. In Section 2, we show that the solution to problem (1.1) always exists and obtain a criterion for
solving the problem in a form comparable to the Chebyshev alternance. Simple examples show that prob�
lem (1.1) can have a nonunique solution. Section 3 gives sufficient conditions for the uniqueness of a solu�
tion, including those taking into account the differential properties of F(·).

2. EXISTENCE OF A SOLUTION TO THE PROBLEM AND A SOLUTION CRITERION

In what follows, coB and intB denote the convex hull and the interior of the set B, respectively, and 0n + 1 =

(0, …, 0) ∈ �
n + 1

.
2.1. First, we prove the following result. 
Theorem 1. Problem (1.1) has a solution.

Proof. For arbitrary A0 ∈ �
n + 1

, let G(A0) = {A ∈ �
n + 1

: ρ(A) ≤ ρ(A0)}. Obviously, ρ(A) is continuous
(see, e.g., [10, p. 233]). Consequently, the set G(A0) is closed. Since

the existence of a solution will be proved by the Weierstrass theorem if we show that G(A0) is bounded.

Let {ti} (i = ) be an arbitrary set of points from the interval [c, d], and let ti ≠ tj for i ≠ j. For given

y = (y1, …, yn + 1)
т, consider a linear system of equations for A ∈ �

n + 1
:

π A( ) max f1 t( ) Pn A t,( )– Pn A t,( ) f2 t( ) )–,{ }
t c d,[ ]∈
max≡ .

A �
n 1+

∈

min

π* π A( ), Ωπ

A �
n 1+

∈

min Arg π A( ).
A �

n 1+
∈

min= =

f̂1 t( ) f1 t( ) c, f̂2 t( )– f2 t( ) c,+= =

F̂ f̂1 f̂2

f̃ 1 t( ) f2 t( ) m, f̃ 2 t( )– f1 t( ) m,+= =

F̃ f̃ 1 f̃ 2

ρ A( )
A �

n 1+
∈

inf ρ A( ),
A G A

0
( )∈

inf=

1 n 1+,

Pn A ti,( ) yi, i 1 n 1+, ,= =
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It can be written as
(2.1)

where the matrix V has the form

This matrix (see, e.g., [10, p. 16]) is nonsingular. Thus, it has an inverse matrix V–1 and the solution
A = V–1y to system (2.1) is a continuous function of y. Since f1(t) ≤ f2(t) for t ∈ [c, d], it is easy to see that

where c = ρ(A0) + maxt ∈ [c, d]max{| f1(t)|, | f2(t)|}. This implies the estimate

where Y = {A ∈ �
n + 1

 : |yi | ≤ c, i = } is a cube in �
n + 1

. Thus, the set G(A0) is estimated from above
under inclusion by the range of a continuous function on a bounded set.

2.2. Let us formulate two auxiliary facts.
Let T be a subset of the real axis � on which a set�valued mapping ξ(·) : T ⇒ 2� is defined whose

images are subsets ξ(t) of �. The following result is a generalization of that stated in [10, p. 242] and is
proved in [11].

Lemma 1. The inclusion

holds if and only if at least one of the following conditions is satisfied:
(i) There exists a point t0 ∈ T at which 0 ∈ ξ(t0).
(ii) There exists a selector η(t) ∈ ξ(t) and a set of ordered numbers t1 < … < tn + 2 from T such that η(ti) ≠

0 and (ti) = (ti + 1) for i = . 
The following result was also proved in [11].

Lemma 2. If a function η(t) takes alternating values on an ordered set of points t1 < … < tn + 2, i.e., (ti) =

(ti + 1), i = , then

2.3. Let us obtain a solution criterion for problem (1.1). Define

Theorem 2. The function ρ(A) takes its minimal value on �
n + 1

 at a point A* if and only if at least one of
the following conditions is satisfied:

(i) R3(A*) ≠ .

VA y,=

1 t1 … t1
n

… … … …

1 tn 1+ … tn 1+
n

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎛ ⎞

.

G A
0( ) A �

n 1+
 : max Pn A t,( ) f1 A t,( )– Pn A t,( ) f2 A t,( )– ρ A

0( )≤,{ }
t c d,[ ]∈
max∈

⎩ ⎭
⎨ ⎬
⎧ ⎫

 =

⊂ A �
n 1+

 : Pn A t,( )
t c d,[ ]∈
max c≤∈

⎩ ⎭
⎨ ⎬
⎧ ⎫

,

G A
0( ) A �

n 1+
 : Pn A ti,( )

i  = 1 n 1+,

max c≤∈
⎩ ⎭
⎨ ⎬
⎧ ⎫

⊂

⊂ A �
n 1+

 : Pn A ti = yi i = 1 n 1+,, ,( )∈{ }
y Y∈

∪ V
1–
y,

y Y∈

∪=

1 n 1+,

0n 1+ co ξ t( ) 1 t … t
n, , ,( ) : t T∈{ },∈

ηsgn ηsgn– 1 n 1+,

ηsgn

ηsgn– 1 n 1+,

0n 1+ intco η ti( ) 1 ti … ti
n, , ,( ) : i = 1 n 2+,{ }.∈

R1 A( ) t c d,[ ] : ρ A( ) = Pn A t,( ) f1 t( )– f2 t( ) Pn A t,( )–>∈{ },=

R2 A( ) t c d,[ ] : ρ A( ) = f2 t( ) Pn A t,( )– Pn A t,( ) f1 t( )–>∈{ },=

R3 A( ) t c d,[ ] : ρ A( ) = Pn A t,( ) f1 t( )– f2 t( ) Pn A t,( )–=∈{ },=

R A( ) R1 A( ) R2 A( ) R3 A( ).∪ ∪=

0
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(ii) There exists a ordered sequence of points t1 < … < tn + 2 of R1(A*) ∪ R2(A*) such that, if ti ∈

R1(A*)(R2(A*)), then ti + 1 ∈ R2(A*)(R1(A*)), i = .

Proof. The function ρ(A) is convex and finite on Rn + 1. Its subdifferential (see, e.g., [1, 2, 12]) can be
written as

(2.2)

where f(A, t) = max{Pn(A, t) – f1(t), f2(t) – Pn(A, t)}, and ∂A f(·) is the subdifferential of f(A, t) with respect
to A. Moreover, according to subdifferential calculus, we have

(2.3)

Here and below, the set B from � is defined as

Given a fixed value A, the multivalued function ξ(A, t) on a set R(A) is defined as

(2.4)

It follows from (2.2)–(2.4) that

(2.5)

As is known from convex analysis (see, e.g., [1, p. 142]), a necessary and sufficient condition for a point

A* to be a minimizer of a convex function ρ(A) on �
n + 1

 is the fulfillment of the inclusion 0n + 1 ∈ ∂ρ(A*).
Now, in view of subdifferential formula (2.5) and expression (2.4) for ξ(A, t), is remains to use Lemma 1.

2.4. There are some comments to be made on the solution criterion for problem (1.1).
1. If f1(t) ≡ f2(t) for t ∈ [c, d], then problem (1.1) degenerates into the Chebyshev problem of uniform

approximation of a continuous function by a polynomial of given degree. Obviously, except for the trivial case,
when the original function is itself a polynomial of a degree no higher than n, we always have R3(A) = ; i.e.,
condition (i) in Theorem 2 is not satisfied, while condition (ii) is another expression for the alternance.

2. Simple examples show that, depending on the situation, the solution to problem (1.1) can have only
one of the properties or both properties indicated in Theorem 2.

3. Let us establish the relation of problem (1.1) to the snake problem. Below is a direct consequence of
Theorem 2.

Corollary 1. If A* is a solution to problem (1.1) such that it satisfies condition (ii) of Theorem 2 and
R3(A*) = , then, for the functions g1(t) and g2(t), the graph of the polynomial Pn(A*, t) touches in turn

the graphs of g1(·) and g2(·) at the points . Moreover, g1(t) ≤ Pn(A*, t) ≤ g2(t), t ∈ [c, d]. 

Thus, in this situation, in the sense of the definition in [7, p. 34], Pn(A*, t) is a snake (with a redundant

alternance) for g1(t) and g2(t). Therefore, it is an upper snake for one of the systems of points  and

 and a lower snake for the other. Note also that the formulation of the snake problem assumes

g1(t) < g2(t) for all t ∈ [c, d]. This is ensured by the condition R3(A) = .
Feedback of these problems is expressed as follows.
Corollary 2. Let the polynomial Pn(A*, t) be a snake with a redundant alternance for g1(t) and g2(t) sat�

isfying g1(t) < g2(t) for t ∈ [c, d]. Then A* is a solution to problem (1.1) for the segment function F(t) =
[ f1(t), f2(t)], where f1(t) = g2(t) – m, f2(t) = g1(t) + m, and m satisfies the inequality m ≥ maxt ∈ [c, d]( g2(t) –
g1(t))/2. 

4. If condition (ii) of Theorem 2 is satisfied, then formulas (2.4), (2.5) and Lemma 2 imply the inclu�
sion 0n + 1 ∈ int∂ρ(A*), which, as is known from convex analysis, guarantees the uniqueness of a solution.
The uniqueness of a solution is discussed in more detail in the following section.

1 n 1+,

∂ρ A( ) co ∂Af A t,( ) : t R A( )∈{ },=

∂Af A t,( )

1 t … t
n, , ,( ), Pn A t,( ) f1 A t,( )– f2 A t,( ) Pn A t,( )–>

1 t … t
n, , ,( ), f2 A t,( )– Pn A t,( )– Pn A t,( ) f1 A t,( )–>

1– 1,[ ] 1 t … t
n, , ,( ), Pn A t,( ) f1 A t,( )– f2 A t,( ) Pn A t,( ).–=⎩

⎪
⎨
⎪
⎧

=

B 1 t … t
n, , ,( ) co b 1 t … t

n, , ,( ) : b B∈{ }.=

ξ A t,( )

1, t R1 A( )∈

1, t– R2 A( )∈

1– 1,[ ], t R3 A( ).∈⎩
⎪
⎨
⎪
⎧

=

∂ρ A( ) co ξ A t,( ) 1 t … t
n, , ,( ) : t R A( )∈{ }.=

0

0

ti{ }i 1=
n 2+

ti{ }i 1=
n 1+

ti{ }i 2=
n 2+

0
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3. CONDITIONS FOR THE UNIQUENESS OF A SOLUTION

It is well known that the Chebyshev problem of uniform approximation of a continuous function by
polynomials of a given degree always has a unique solution. Below, we show that the uniqueness of a solu�
tion to problem (1.1) may depend on the properties of the estimated segment function, including the dif�
ferential ones.

3.1. First, we give sufficient conditions for the uniqueness of a solution that make no use of the differ�
ential properties of f1(·) and f2(·).

Theorem 3. Suppose that A* satisfies one of the following conditions:
(i) The set R3(A*) contains no less than n + 1 points.

(ii) There exists a set of points T =  ⊂ R(A*) in which there are points  < … <  from R1(A*) ∪

R2(A*), l ≤ n + 2, while the other points are contained in R3(A*). Moreover, if  ∈ R1(A*)(R2(A*)), then  ∈

R1(A*)(R2(A*)) for even (ik + 1 – ik) and  ∈ R2(A*)(R1(A*)) for odd (ik + 1 – ik).

Then A* is a unique solution to problem (1.1).
Proof. First, we show that A* is a minimizer of ρ(A). Indeed, if condition (i) or (ii) is satisfied and L <

n + 2, then R(A*) ≠ ∅; i.e., condition (i) of Theorem 2 holds. If condition (ii) is satisfied and l = n + 2,
then condition (ii) of Theorem 2 holds. Thus, in any case, A* is a minimizer of ρ(A).

Now, we prove uniqueness. Obviously, R3(A) is invariant on the solution set Ωρ of problem (1.1). More�
over, if R3(A) is not empty, then

Therefore, assuming that condition (i) of Theorem 3 is satisfied and  ⊂ R3(A*), the definition of
R3(·) implies that

(3.1)

for any A ∈ Ωρ. The determinant of system (3.1), which is linear with respect to A = (a0, …, an), is the Van�
dermonde determinant. Since it is nonzero, A* is a unique solution to system (3.1) and, hence, to problem
(1.1).

Now, let condition (ii) of the theorem be satisfied. It is easy to see that we can then choose a selector
η(t) ∈ ξ(t, A*) of the multivalued function ξ(·, A*) defined by (2.4) such that, if η(ti) = +1(–1), then

η(ti + 1) = –1(+1), i = . Then, by Lemma 2, 0n + 1 ∈ intco{η(ti)(1, ti, …, ), i = }. Therefore,
in view of (2.5), we conclude that 0n + 1 ∈ int∂ρ(A*). As is known from convex analysis (see, e.g., [2,
p. 216]), this inclusion implies that A* is a unique minimizer of the convex function ρ(·).

3.2. Now, we present conditions for the uniqueness of a solution that take into account the differential
properties of the estimated segment function. Note that, if t* ∈ R3(A), then the definition of R3(·) implies
that

(3.2)

(3.3)

(3.4)

and, additionally,

(3.5)

Specifically, (3.5) implies that, if t* ∈ (c, d) and the functions f1(t) and f2(t) are differentiable at this

point, then (t*) = (t*). However, higher order optimality conditions of may be satisfied at this point.
It was found that the uniqueness of a solution is affected by this circumstance. In this context, we intro�
duce the following definition.

Definition 1. We say that t* ∈ R3(A) is a point of multiplicity l if at least one of the following conditions
is satisfied:

ti{ }i 1=
n 2+

ti1
til

tik
tik 1+

tik 1+

R3 A( ) t̂ c d,[ ] : f2 t̂( ) f1 t̂( ) = f2 t( ) f1 t( )–( )
t c d,[ ]∈
max–∈{ } A∀ Ωρ.∈=

ti{ }i 1=
n 1+

Pn A ti,( ) f1 ti( ) f2 ti( )+( )/2, i 1 n 1+, ,= =

1 n 1+, ti
n

1 n 2+,

ρ* Pn A t*,( ) f1 t*( )– f2 t*( ) Pn A t*,( ),–= =

Pn A t*,( ) f1 t*( )– Pn A t,( ) f1 t( )–( )
t c d,[ ]∈
max ,=

f2 t*( ) Pn A t*,( )– f2 t( ) Pn A t,( )–( )
t c d,[ ]∈
max=

f2 t*( ) f1 t*( )– f2 t( ) f1 t( )–( )
t c d,[ ]∈
max .=

f1' f2'
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(a) f1(t) and f2(t) are differentiable l – 1 times at this point on the right (or left), and

(3.6)

(b) If l = 2k, it is sufficient that one of the functions be 2k – 1 times differentiable and the other 2k –
2 times differentiable at this point, and

Remark 1. Definition 1 assumes that, if condition (a) or (b) is not satisfied for l ≥ 2, then the point t*
has the multiplicity l = 1.

Remark 2. Naturally, if t* coincides with the left or right endpoint of [c, d], then condition (a) assumes
differentiability on the right or left, respectively.

Remark 3. If k = 1, then condition (b) means the differentiability of one of the functions at t*.
The sense of Definition 1 lies in the following important auxiliary result.
Lemma 3. If t* ∈ R3(A) is a point of multiplicity l and the coefficient vector A1 is also a solution to problem (1.1),

then t* is an l�fold root of the equation Pn(∆A, t) = 0, where ∆A = A1 – A*. 
Proof. If t* + ∆t ∈ [c, d], then (3.2)–(3.4) imply

(3.7)

(3.8)

For l = 1, the assertion is obvious, since

(3.9)

Let l ≥ 2 and condition (a) of Definition 1 be satisfied at t*. To be definite, we assume that f1(t) and f2(t) are
l – 1 times differentiable at t* on the right and equalities (3.6) hold.

For ∆t ≥ 0, inequalities (3.7) and (3.8), combined with (3.2), imply that

(3.10)

(3.11)

where oj((∆t)l – 1)/(∆t)l – 1  0 as ∆t ↓ 0, j = 1, 2. From (3.10) and (3.11), for sufficiently small ∆t > 0,
we obtain

According to (3.6), (t* + 0) = (t* + 0). Therefore, it follows from this inequality that

(3.12)

Substituting (3.12) into (3.10) and (3.11) and proceeding by analogy, we finally obtain

(3.13)

Naturally, the same relations hold for A1, since R3(A*) = R3(A1) and

(3.14)

Relations (3.13) and (3.14) imply that (A*, t*) = (A1, t*) or (∆A, t*) = 0, i = . In view
of (3.9), this means that t* is an l�fold root of Pn(∆A, t).

If t* is a point of multiplicity l satisfying condition (b) of Definition 1, where, to be definite, f1(t) is 2k  – 1
times differentiable at this point, then, in view of (3.7) and (3.8), we can write

(3.15)

(3.16)

f1
i( )

t* 0+( ) f2
i( )

t* 0+( ), i 1 l 1,–,= =

or,  f1
i( )

t* 0–( ) f2
i( )

t* 0–( ), i 1 l 1–,= = , respectively.

f1
i( )

t*( ) f2
i( )

t*( ), i 1 2k 2–, .= =

Pn A* t* ∆t+,( ) f1 t* ∆t+( )– ρ*,≤

f2 t* ∆t+( ) Pn A* t* ∆t+,( )– ρ*.≤

Pn A* t*,( ) Pn A1 t*,( ) f1 t*( ) f2 t*( )+( )/2.= =

Pn A* t,( ) f1 t( )–[ ]t t* 0+=
' ∆t …

Pn A* t,( ) f1 t( )–[ ]t t* 0+=
l 1–( )

l 1–( )!
������������������������������������������������ ∆t( )l 1–

o1 ∆t( ) l 1–( ) 0,≤+ + +

f2 t( ) Pn A* t,( )–[ ]t t* 0+=
' ∆t …

f2 t( ) Pn A* t,( )–[ ]t t* 0+=
l 1–( )

l 1–( )!
������������������������������������������������ ∆t( ) l 1–

o2 ∆t( ) l 1–( ) 0,≤+ + +

Pn A* t,( ) f1 t( )–[ ]t t* 0+=
' 0, f2 t( ) Pn A* t,( )–[ ]t t* 0+=

' 0.≤ ≤

f1' f2'

Pn A* t,( ) f1 t( )–[ ]t t* 0+=
' f2 t( ) Pn A* t,( )–[ ]t t* 0+=

' 0.= =

Pn A* t,( ) fj t( )–[ ]t t* 0+=
i( )

0, i 1 l 1–, , j 1 2.,= = =

Pn A1 t,( ) fj t( )–[ ]t t* 0+=
i( )

0, i 1 l 1–, , j 1 2.,= = =

Pn
i( )

Pn
i( )

Pn
i( )

1 l 1–,

Pn A* t,( ) f1 t( )–[ ]t t*=
' ∆t …

Pn A* t,( ) f1 t( )–[ ]t t*=
2k 1–( )

2k 1–( )!
���������������������������������������������� ∆t( )2k 1–

o3 ∆t( )2k 1–( ) 0,≤+ + +

f2 t( ) Pn A* t,( )–[ ]t t*=
' ∆t …

f2 t( ) Pn A* t,( )–[ ]t t*=
2k 2–( )

2k 2–( )!
���������������������������������������������� ∆t( )2k 2–

o4 ∆t( )2k 2–( ) 0,≤+ + +
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where o3((∆t)2k – 1)/(∆t)2k – 1  0 and o4((∆t)2k – 2)/(∆t)2k – 2  0 as t  0. From (3.15) and (3.16), pro�

ceeding as in the previous case, we obtain Pn(A*, t) – f1(t)  = 0 for i = . Then (3.15) implies

For sufficiently small ∆t of different signs, this yields the equality

Since A1 satisfies the same relations

we conclude, as before, that t* is an l�fold root of the equation Pn(∆A, t) = 0.

Theorem 4. Let R3(A*) = , where m < n + 1 and the points ti are of multiplicity li, i = , and let
one of the following conditions be satisfied:

(i) l1 + … + lm ≥ n + 1,
(ii) l = l1 + … + lm < n + 1 and there exists k = n + 1 – l pairs of points

such that [ , ] ∩ R3(A*) =  and, if  ∈ R1(A*)(R2(A*)), then  ∈ R2(A*)(R1(A*)). Then A* is a
unique solution to problem (1.1). 

Proof. Let condition (i) be satisfied. Then, assuming that the coefficient vector A1 is also a solution to
problem (1.1) and using Lemma 3, we conclude that the equation Pn(A1 – A*, t) = 0 has roots with a total
multiplicity greater than n. This means that A1 = A*.

Now assume that condition (ii) be satisfied. According to the definition of R1(A) and R2(A), if, for

example,  ∈ R1(A*) but  ∈ R2(A*), then we can write

(3.17)

(3.18)

Assuming that A1 is also a solution to problem (1.1),

(3.19)

(3.20)

Combining (3.17) with (3.19) and (3.18) with (3.20), we obtain

(3.21)

respectively. Here, ∆A = A1 – A*.

If  > , then (3.21) implies that the interval [ , ] contains at least one root of the equation
Pn(∆A, t) = 0.

Now, consider the case of  = . According to condition (ii),  ∈ R1(A*), which implies Pn(∆A,

) ≤ 0. By taking into account (3.21), a further consideration of the versions suggests that the interval

[ , ] either contains at least two roots of the equation Pn(∆A, t) = 0 or at least one multiple root at

the point .

Thus, condition (ii) implies that, in the union of the intervals [ , ], i = , the equation Pn(∆A,
t) = 0 has roots with a total multiplicity of no less than k. Taking also into account the roots of this equation
from the set R3(A*), together with their multiplicity, and applying Lemma 3, we find that, overall, the
equation on [c, d] has roots with a total multiplicity of greater than n. Therefore, A1 = A*.

3.3. The resulting uniqueness conditions can be commented on as follows.
1. The example below shows the importance of the conditions in Theorems 3 and 4.
Example 1. Let n = 1, and let the following functions be given on the interval [–1, 1]:

]t t*=
i( )

1 2k 2–,

Pn A* t,( ) f1 t( )–[ ]t t*=
2k 1–( ) ∆t( )2k 1–

o ∆t( )2k 1–( ) 0.≤+

Pn A* t,( ) f1 t( )–[ ]t t*=
2k 1–( )

0.=

Pn A1 t,( ) f1 t( )–[ ]t t*=
i( )

0, i 1 2k 1–, ,= =

ti{ }i 1=
m

1 m,

t1
1( )

t1
2( )

t2
1( )

t2
2( ) … tk

1( )
tk

2( )<≤ ≤<≤<

ti
1( )

ti
2( )

0 ti
1( )

ti
2( )

ti
1( )

ti
2( )

ρ* Pn A* ti
1( ),( ) f1 ti

1( )( ),–=

ρ* f2 ti
2( )( ) Pn A* ti

2( ),( ).–=

ρ* Pn A1 ti
1( ),( ) f1 ti

1( )( ),–≥

ρ* f2 ti
2( )( ) Pn A1 ti

2( ),( ).–≥

Pn ∆A ti
1( ),( ) 0, Pn ∆A ti

2( ),( ) 0,≥≤

ti 1+
1( )

ti
2( )

ti
1( )

ti
2( )

ti
2( )

ti 1+
1( )

ti 1+
2( )

ti 1+
2( )

ti
1( )

ti 1+
2( )

ti
2( )

ti
1( )

ti
2( )

1 k,
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For the coefficient vector A* (0.5, 0), we have

In this case, the set R3(A*), though nonempty, contains less than n + 1 points; i.e., condition (i) of
Theorem 3 is not satisfied. For any choice of the points t1 ∈ R1(A*), t3 ∈ R2(A*), and t2 ∈ R3(A*), taking
into account that t2 = 0 ∈ [t1, t2], condition (ii) of Theorem 3 is not satisfied either (the evenness or oddness
rule for ik + 1 – ik).

On the other hand, f1(t) and f2(t) are not differentiable at the point t2 = 0, which comprises the set
R3(A*). However, they are differentiable on the right and left, and the values of the right and left derivatives
do not coincide. Thus, according to Definition 1, the point t2 has multiplicity 1. Hence, condition (i) of
Theorem 4 is not satisfied. As was noted above, for any choice t1 ∈ R1(A*) and t3 ∈ R2(A*), the interval [t1,
t3] contains a point t2; i.e., the condition (ii) of Theorem 4 is not satisfied either. The coefficient vector A*
is a (nonunique) solution. It is easy to see that the entire solution set has the form

2. Condition (ii) of Theorem 3 can be treated as a generalized alternance. It means that the graph of

the segment function in the ordered set of points T =  touches in turn the upper and lower bound�
aries of the polynomial strip “from within.” This is ensured by the evenness and oddness of ik + 1 – ik.

3. Theorem 3 implies that the solution A* may be nonunique only if R3(A*) ≠ ∅.
4. Simple examples show that each of the above sufficient uniqueness conditions can be satisfied indi�

vidually, i.e., the remaining ones do not hold. At the same time, the fulfillment of one of them does not
rule out this for others. Consider an example in which the uniqueness of a solution depends entirely on
the multiplicity of a point from the set R3(·), i.e., depends on whether or not condition (i) of Theorem 4
holds.

Example 2. Consider the functions f1(t) = t2 and f2(t) = 2 – t4 on the interval [�1, 1].
(a) Let n = 1 and A* = (1, 0). Then

The following conditions are satisfied for the point t* = 0, which comprises the set R3(A*):

Thus, the point t* has the multiplicity l = 2. Since n + 1 = 2, condition (i) of Theorem 3 is satisfied. There�
fore, A* is a unique solution.

(b) Now, let n = 2 and A1 = (1, 0, 0). For this coefficient vector, we have

and the point t* = 0 has the multiplicity l = 2. However, in this case, l < n + 1. The vector A1 is a nonunique
solution. It is easy to see that the entire solution set is representable as

5. We know examples where the solution to problem (1.1) is unique, but none of the conditions in The�
orem 3 or 4 are satisfied. However, in the case of a discrete setting, namely, when the interval [c, d] in (1.1)

is replaced with a set of points T =  for m ≥ n + 1, it was proved in [9] that condition (i) or (ii) in
Theorem 3 (written in another form but still equivalent) is not only sufficient but also necessary for the
uniqueness of a solution.

6. The sufficient conditions for the uniqueness of a solution to Theorem 4 are based on the differential
properties of the segment function F(t) at points of R3(·). We has failed to answer the question as to whether
or not the uniqueness of a solution is affected by these properties on the sets R1(·) and R2(·).
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⎨
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1. INTRODUCTION: THE OPTIMIZATION PROBLEM 
WITH VANISHING CONSTRAINTS

Consider the mathematical program with vanishing constraints (MPVC) stated as follows:
  min, (1.1)

Here, f : �
n
  � is a smooth function, and G, H : �

n
  �

m
 are smooth mappings. Problems of this

type were first introduced in [1], and their name is explained by the following consideration: if the first

constraint in (1.1) holds as an equality at a point x ∈ �
n
 for some index i ∈ {1, 2, …, m}, then the second

constraint is automatically fulfilled; thus, this constraint “vanishes.” If the first constraint holds as a strict
inequality, then the second constraint is equivalent to the relation Gi(x) ≤ 0.

As shown in [1], problems with vanishing constraints are a natural and convenient means of modeling
problems in the optimal design of topologies for mechanical structures. Such a design becomes a standard
tool in industrial applications (for instance, in aircraft or automobile design, etc.).

The problem examined in [1] may include conventional equality and inequality constraints. Such a
generalization does not involve serious additional difficulties and is not considered here.

Let  ∈ �
n
 be a feasible point of problem (1.1). Following [1], we define the index sets

We also introduce the partition of I+ into the sets

and the partition of I0 into the sets

The condition I00 = ∅ is called the lower�level strict complementarity condition. It was shown in [1] that,
if this (very restructive) condition is violated, then the constraints in problem (1.1) are necessarily irregular

f x( ) Hi x( ) 0, Gi x( )Hi x( ) 0, i≤≥ 1 2 … m,, , ,=

x

I+ I+ x( ) i = 1 2 … m Hi x( ) 0>, , ,{ },= =

I0 I0 x( ) i = 1 2 … m Hi x( ) 0=, , ,{ }.= =

I+0 I+0 x( ) i I+∈ Gi x( ) = 0{ },= =

I+– I+– x( ) i I+∈ Gi x( ) 0<{ },= =

I0+ I0+ x( ) i I0 Gi x( ) 0>∈{ },= =

I00 I00 x( ) i I0 Gi x( ) 0=∈{ },= =

I0– I0– x( ) i I0 Gi x( ) 0<∈{ }.= =
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at the point ; that is, they do not satisfy the Mangasarian–Fromovitz constraint qualification. This
makes the MPVC difficult to analyze and solve numerically. Special results that concern the optimality
conditions, the sensitivity, and relaxation methods and use the special structure of the MPVCs were
obtained in [1–5].

Note that the introduction of the additional variable u ∈ �
m

 makes it possible to reduce MPVC (1.1)
to the mathematical program with complementarity constraints (MPCC):

  min, (1.2)

The MPCCs are a rather well�studied class of problems, which enjoys much attention of the experts (e.g.,
see [6–8; 9, Section 4.3]). However, the reduction to an MPCC increases the dimension of the problem
and has another serious drawback; namely, for a given (local) solution  to MPVC (1.1), the correspond�
ing optimal value of the additional variable u is not uniquely defined, and the corresponding local solu�
tions to MPCC (1.2) cannot be strict. In particular, these solutions cannot satisfy the second�order suffi�
cient optimality conditions. Consequently, the theoretical results (concerning the sensitivity and numer�
ical methods) based on these conditions are inapplicable. This fact makes us regard the MPVCs as an
independent class of problems that requires special approaches and techniques.

Our aim in this paper is to refine for MPVCs some familiar first� and second�order necessary condi�
tions for local optimality and to construct (special) Newton�type methods that take into account the
structure of these problems and have local superlinear convergence despite the fact that the traditional
constraint qualifications are violated.

2. OPTIMALITY CONDITIONS

We begin with certain stationarity concepts used for MPVCs. With a feasible point  of problem (1.1),
we associate two auxiliary conventional mathematical programming problems, namely, the relaxed non�
linear programming problem (RNLP):

  min, (2.1)

and the tightened nonlinear programming problem (TNLP):

  min, (2.2)

Here, for a finite set I, the symbol yI stands for the subvector of y with the components yi, i ∈ I.
Next, we define the MPVC Lagrangian function of problem (1.1) as

where x ∈ �
n
 and µ = (µH, µG) ∈ �

m
 × �

m
. This is obviously the conventional Lagrangian function for

TNLP (2.2) supplemented with the additional constraints

(2.3)

which are inactive at . We can also regard the MPVC�Lagrangian function as the conventional
Lagrangian function for RNLP (2.1) supplemented with constraints (2.3) and the conditions

(the latter constraints are active at ).

A feasible point  of MPVC (1.1) is called a strongly (weakly) stationary point of this problem if it is a
stationary point of RNLP (2.1) (respectively, TNLP (2.2)) in the conventional sense. Thus, the weak sta�

tionarity implies the existence of µ = (µH, µG) ∈ �
m

 × �
m

 such that

(2.4)

(2.5)

Such µ will be called the Lagrange multipliers of TNLP (2.2). The strong stationarity (this concept for
MPVCs was introduced in [4, Definition 2.1]) implies that, in addition, the relations

(2.6)

x

f x( ) G x( ) u– 0, H x( ) 0, u 0, Hi x( )ui = 0, i≥ ≥≤ 1 2 … m., , ,=

x

x

f x( ) HI0+
x( ) 0, HI00 I0–∪ x( ) 0, GI+0

x( ) 0,≤≥=

f x( ) HI0+ I00∪ x( ) 0, HI0–
x( ) 0, GI+0 I00∪ x( ) 0.≤≥=

� x µ,( ) f x( ) µH
H x( ),〈 〉– µG

G x( ),〈 〉 ,+=

HI+
x( ) 0, GI+– I0–∪ x( ) 0, GI0+

x( ) 0,≥≤≥

x

GI00
x( ) 0≤

x

x

∂�
∂x
������� x µ,( ) 0,=

µI0–

H
0, µI+

H≥ 0, µI+0 I00∪

G
0, µI+– I0+ I0–∪ ∪

G≥ 0.= =

µI00

H
0, µI00

G≥ 0.=
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are fulfilled. In this case, µ is called an MPVC multiplier corresponding to the strongly stationary point .
The set of MPVC multipliers corresponding to  is denoted by � = �( ).

Let � = �( ) be the set of all the partitions of I00, that is, the set of all the pairs (I1, I2) such that I1 ∪

I2 = I00 and I1 ∩ I2 = ∅. It is obvious that |� | = , where |I | is the number of elements in the finite set
I. For each (I1, I2) ∈ �, we define the piecewise problem

  min, . (2.7)

Its feasible set is denoted by  = . It can be regarded as a branch (or a piece) of the feasible

set D of original problem (1.1). It can easily be verified that, locally (in the vicinity of ), D splits into
branches of the above form.

A feasible point  ∈ �
n
 of MPVC (1.1) is called a B�stationary (or piecewise stationary) point of this

problem if it is stationary for every piecewise problem (2.7). Thus, for every partition (I1, I2) ∈ �, there

exists µ = (µH, µG) ∈ �
m

 × �
m

 satisfying relation (2.4) and the conditions

(2.8)

Such µ will be called the Lagrange multipliers of piecewise problem (2.7). Obviously, the piecewise sta�
tionarity of  implies its weak stationarity, and the corresponding Lagrange multiplier is the same.

Now, we turn to the constraint qualifications that are used below to derive necessary optimality condi�
tions for a feasible point  of MPVC (1.1), to justify the convergence of Newton�type methods, and to
estimate their convergence rate. The piecewise Mangasarian–Fromovitz condition at  is understood as the
conventional Mangasarian–Fromovitz condition (e.g., see [10, p. 41]) fulfilled for each branch; that is,
for each partition (I1, I2) ∈ �, we have

 such that 

The next condition is identical to the so�called strict Mangasarian–Fromovitz constraint qualification
for TNLP (2.2), which in turn is equivalent to the combination of the conventional Mangasarian–Fro�
movitz constraint qualification and the uniqueness requirement for the corresponding Lagrange multi�
plier in this problem (see [10, exercise 1.4.3]). Let  be a Lagrange multiplier of TNLP (2.2) correspond�
ing to a weakly stationary point . We say that the MPVC�strict Mangasarian–Fromovitz constraint qual�
ification is fulfilled at  if

(2.9)

(2.10)

where

Finally, following [2, Definition 4.1], we say that the MPVC linear independence constraint qualification
is fulfilled at a feasible point  of problem (1.1) if

are linearly independent. (2.11)

Note that this is the conventional linear independence constraint qualification (i.e., the linear indepen�
dence condition for the gradients of the equality constraints and the active inequality constraints) for
TNLP (2.2) at .

It is trivial to verify that the MPVC linear independence constraint qualification (2.11) implies the
MPVC�strict Mangasarian–Fromovitz constraint qualification (2.9), (2.10). In turn, the latter condition

x
x x

x

2
I00

f x( ) HI0+ I2∪ x( ) 0, HI1 I0–∪ x( ) 0, GI+0 I1∪ x( ) 0≤≥=

D I1 I2,( ) D I1 I2,( ) x( )

x

x

µI1 I0–∪

H
0, µI+

H≥ 0, µI+0 I1∪

G
0, µI+– I0+ I2 I0–∪ ∪ ∪

G≥ 0,= =

x

x
x

rank HI0+ I2∪
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+

∪ ∪
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∪
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+' x( )ξ 0, G
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( ) I00\I00

+
( )∪
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implies the piecewise Mangasarian–Fromovitz constraint qualification. The converse implications are
false, which is demonstrated by the following examples.

Example 1. Consider problem (1.1), where n = m = 2, f(x) =  + , H(·) ≡ (1, 1), and G(x) = (x1, x1).

The feasible set of this problem has the form D = {x ∈ �
2
|x1 ≤ 0}, and its unique (global and local) solution

is the point  = 0. The corresponding index sets are I+ = I+0 = {1, 2} (the other sets are empty), and the
TNLP can be written as

  min,

It is obvious that the constraints in this problem do not satisfy the linear independence condition. On the
other hand, they satisfy the Mangasarian–Fromovitz constraint qualification. The Lagrange multipliers
of the TNLP associated with  = 0 are determined by the system

which has a unique solution  = 0. Thus, the MPVC linear independence constraint qualification (2.11)
is not fulfilled at  = 0; however, the MPVC�strict Mangasarian–Fromovitz constraint qualification (2.9),
(2.10) is fulfilled.

Example 2. Consider the problem that has the same constraints as in Example 1 and the objective func�

tion f(x) = –x1 + . The point  = 0 remains a unique (global and local) solution to this problem. Since

I00 = ∅, the unique piecewise problem associated with  = 0 is identical to the TNLP

  min,

The constraints in this problem satisfy the Mangasarian–Fromovitz constraint qualification, which
implies the fulfillment of the piecewise Mangasarian–Fromovitz constraint qualification at  = 0. At the
same time, the Lagrange multipliers of the TNLP associated with  = 0 are determined by the system

which is not uniquely solvable. Thus, the MPVC�strict Mangasarian–Fromovitz constraint qualification
(2.9), (2.10) cannot hold for any multiplier  in this problem.

The following theorem gives the first�order necessary optimality conditions for MPVC (1.1). It
improves on the result presented in [5, Theorem 2.1] in the sense that its assertion 2 only assumes the ful�
fillment of the MPVC�strict Mangasarian–Fromovitz constraint qualification instead of the stronger
MPVC linear independence constraint qualification.

Theorem 1. Assume that the function f and the mapping G are differentiable at a point  ∈ �
n
 and the map�

ping H is differentiable in a neighborhood of this point; moreover, its derivative is continuous at .
Then, the following assertions are true:
(1) If  is a local solution to problem (1.1) satisfying the piecewise Mangasarian–Fromovitz constraint

qualification, then  is a B�stationary point of problem (1.1) and, hence, a weakly stationary point of this
problem.

(2) Let  be a weakly stationary point of problem (1.1), and let the MPVC�strict Mangasarian–Fromovitz
constraint qualification (2.9), (2.10) be fulfilled for a Lagrange multiplier  of TNLP (2.2) corresponding to

 (that is, for  = ( , ) satisfying (2.4) and (2.5)). Then,  is a strongly stationary point of problem
(1.1). Moreover,  is a unique MPVC multiplier associated with  and a unique Lagrange multiplier of TNLP
(2.2) and piecewise problem (2.7) for any partition (I1, I2) = �. 

Proof. The standard result on the first�order optimality conditions is that a local solution to a mathe�
matical program satisfying the Mangasarian–Fromovitz constraint qualification is a stationary point of
this problem (e.g., see [10, Theorem 1.4.2]). Since the local solution  to problem (1.1) is a local solution
to each piecewise problem, we obtain the first assertion of Theorem 1 by applying the above result to the
piecewise problem.

Now, assume that  is a weakly stationary point of problem (1.1) and the MPVC�strict Mangasarian–
Fromovitz constraint qualification (2.9), (2.10) is fulfilled at this point. Then, the piecewise Mangasar�
ian–Fromovitz constraint qualification is fulfilled at , and  is a unique Lagrange multiplier of the

x1
2

x2
2

x

x1
2

x2
2

+ x1 0, x2 0.≤ ≤

x

µ1
G µ2

G
+ 0, µH

0, µG
0,≥= =

µ
x

x2
2

x

x

–x1 x2
2

+ x1 0, x2 0.≤ ≤

x
x

µ1
G µ2

G
+ 1, µH
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TNLP associated with . It follows that  is a unique Lagrange multiplier associated with  for every
piecewise problem (because the Lagrange multipliers of any piecewise problem are Lagrange multipliers
for the TNLP). Hence, the Lagrange multipliers for all the piecewise problems are identical and equal to

. Now, (2.8) implies that the relations  ≥ 0 and  = 0 are fulfilled for any partition (I1, I2) ∈ �. This

yields (2.6) and, hence, the strong stationarity of , which justifies the second assertion of Theorem 1. The
theorem is proved.

We introduce the conventional Lagrangian function for problem (1.1):

Here, x ∈ �
n
, and λ = (λG, λGH) ∈ �

m
 × �

m
. As shown in [1, Remark 1], the strong stationarity of a feasible

point  of MPVC (1.1) is actually equivalent to the conventional stationarity, that is, to the existence of a

Lagrange multiplier λ = (λG, λGH) ∈ �
m

 × �
m

 satisfying the relations

(2.12)

(2.13)

To be more exact, define Λ = Λ( ) as the set of the Lagrange multipliers associated with  (in other words,

the set of all λ = (λG, λGH) ∈ �
m

 × �
m

 satisfying relations (2.12) and (2.13). Then, we have the following
proposition.

Proposition 1. Let the function f and the mappings H and G be differentiable at a feasible point  ∈ �
n
 of

problem (1.1).

The point  is a stationary point of problem (1.1) if and only if it is a strongly stationary point of this prob�

lem. Moreover, for every fixed λ = (λH, λGH) ∈ Λ and for µ = (µH, µG) ∈ �
m

 × �
m

 determined by the formulas

(2.14)

(2.15)

it holds that µ ∈ �. Conversely, for any µ = (µH, µG) ∈ � and any λ = (λH, λGH) ∈ �
m

 × �
m

 satisfying
(2.14), (2.15), and the relations

it holds that λ = (λH, λGH) ∈ Λ.
Thus, despite the fact that the Mangasarian–Fromovitz constraint qualification is violated for the

MPVC if the lower�level strict complementarity condition is not fulfilled, the traditional concept of sta�
tionarity is still quite adequate for problems of this class.

Now, we turn to second�order optimality conditions. For each partition (I1, I2) ∈ �, define the critical
cone of the corresponding piecewise problem (2.7) at the point :

We set

(2.16)

The meaning of the index 2 is that, unlike the standard critical cone of problem (1.1) at the point , which
is given by

x µ x

µ µI1

H µI2

G

x

L x λ,( ) f x( ) λH
H x( ),〈 〉– λi

GH
Gi x( )Hi x( ),

i 1=

m

∑+=

x
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∂x
����� x λ,( ) 0,=
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H
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GH≥ 0.= =
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x
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H
0, i I+, µi
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H
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GH

Hi x( ) 0, i I+– I0,∪∈= = =
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GH

0, i I00, λi
GH

max 0
µi

H

Gi x( )
����������–,

⎩ ⎭
⎨ ⎬
⎧ ⎫

, i I0+, 0 λi
GH µi

H

Gi x( )
����������, i– I0–,∈≤ ≤∈≥∈≥

x

C I1 I2,( ) C I1 I2,( ) x( ) ξ �
n

HI0+ I2∪
' x( )ξ = 0 HI0– I1∪

' x( )ξ 0 GI+0 I1∪
' x( )ξ 0 f ' x( ) ξ,〈 〉 0≤,≤,≥,∈{ }.= =

C2 C2 x( ) C I1 I2,( )

I1 I2,( ) �∈

∪ ξ �
n

HI0+
' x( )ξ = 0 HI00 I0–∪

' x( )ξ 0 GI+0
' x( )ξ 0,≤,≥,∈{= = =

Gi' x( ) ξ,〈 〉 Hi' x( ) ξ,〈 〉 0 i I00∈ f' x( ) ξ,〈 〉 0≤, ,≤ }.

x

C C x( ) ξ �
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the cone C2 takes into account second�order information on the last constraint in (1.1).
The following theorem improves the result of [5, Theorem 3.1] in the sense that it only assumes the ful�

fillment of the MPVC�strict Mangasarian–Fromovitz constraint qualification instead of the stronger
MPVC linear independence constraint qualification.

Theorem 2. Let the function f and the mappings H and G be twice differentiable at a strongly stationary

point  ∈ �
n
 of problem (1.1). Assume that the MPVC�strict Mangasarian–Fromovitz constraint qualification

(2.9), (2.10) is fulfilled at this point for the (unique) MPVC�multiplier  = ( , ) associated with .

If  is a local solution to (1.1), then it holds that

(2.17)

Proof. As shown in the proof of Theorem 1, the MPVC�strict Mangasarian–Fromovitz constraint
qualification (2.9), (2.10) implies that the piecewise Mangasarian–Fromovitz constraint qualification is
fulfilled and, for every piecewise problem,  is the unique Lagrange multiplier associated with . Since

 is locally optimal in every piecewise problem, we can apply to these problems the standard result on the
second�order necessary optimality condition (e.g., see [9, Theorem 1.3.8]), which yields

The required result follows from this inequality and the second equality in (2.16). The theorem is proved.
It is natural to associate with the second�order necessary condition (2.17) the sufficient condition

(2.18)

which we call the piecewise second�order sufficient condition. As shown in [4, Theorem 4.4], this condition
is indeed sufficient for a strongly stationary point  of problem (1.1) to be strictly locally optimal. A subtler
second�order sufficient condition was obtained in [5, Theorem 3.3]. However, it is condition (2.18) that
we use in this paper.

In addition to (2.18), we also use the conventional second�order sufficient optimality condition, which
states that

(2.19)

for some  ∈ Λ. According to [5, Theorem 3.3], if (2.19) is fulfilled for a certain  ∈ Λ, then, under the
hypotheses of Theorem 2, relation (2.18) is also fulfilled. On the other hand, it is conjectured in [5] that
the reverse implication is false.

3. PIECEWISE SEQUENTIAL QUADRATIC PROGRAMMING METHOD

The piecewise sequential quadratic programming (SQP) method proposed for the MPVC in this sec�
tion is based on the same idea as the corresponding method for the MPCC (see [6, 11]). The idea is to
identify any piecewise problem corresponding to the desired solution and apply SQP to this problem (see
[10, Section 4.4]).

The local identification of a branch in the feasible set requires no effort; namely, it suffices to identify
a partition (J1, J2) of the set {1, 2, …, m} such that

(3.1)

As soon as this has been done, we can consider the problem

  min, (3.2)

If we set I1 = J1 ∩ I00 and I2 = J2 ∩ I00, then problem (3.2) differs from (2.7) only by the additional con�
straints

(3.3)

x

µ µH µG
x

x
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∂x
2

�������� x µ,( ) ξ ξ,[ ] 0 ξ∀ C2.∈≥

µ x
x

∂2�

∂x
2

�������� x µ,( ) ξ ξ,[ ] 0 ξ∀ C I1 I2,( ).∈≥

∂2�

∂x
2

�������� x µ,( ) ξ ξ,[ ] 0 ξ∀ C2\ 0{ },∈>

x

∂2
L

∂x
2

������� x λ,( ) ξ ξ,[ ] 0 ξ∀ C\ 0{ }.∈>

λ λ

I0+ J2, I+ I0– J1.⊂∪⊂

f x( ) HJ2
x( ) 0, HJ1

x( ) 0, GJ1
x( ) 0.≤≥=

HJ2\ I0+ I00∪( ) x( ) 0, HJ1\ I00 I0–∪( ) x( ) 0, GJ1\ I+0 I00∪( ) x( ) 0.≤≥=
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Relations (3.1) and the condition J1 ∩ J2 = ∅ imply that

Consequently, we have

Using the definition of the above index sets, we conclude that all the additional constraints actually
appearing in (3.3) are inequality constraints; moreover, they are inactive at . Thus, locally (in the vicinity
of ), problems (3.2) and (2.7) are identical.

It is obvious from the definition of the sets I+, I0+, and I0– that the desired partition (J1, J2) satisfying

(3.1) can be identified for x ∈ �
n
 that is close to  in the following way:

(3.4)

(3.5)

Let us give a formal description of the piecewise SQP method as applied to MPVC (1.1).

Algorithm 1

Preliminary step. Set k = 0 and choose x0 ∈ �
n
 and µ0 = ((µH)0, (µG)0) ∈ �

m
 × �

m
.

Identification step. Define the index sets J1 = J1(xk) and J2 = J2(xk) in accordance with (3.4) and (3.5).

Modify µk by setting (  = 0.

SQP step. Calculate xk + 1 ∈ �
n
 as a stationary point of the quadratic program

  min, (3.6)

(3.7)

(3.8)

Calculate ( , , ) ∈  ×  ×  as the Lagrange multiplier associated with

xk + 1. Set µk + 1 = ((µH)k + 1, (µG)k + 1) assigning zero values to the undefined components; that is,  = 0.

Increase k by one and go to the identification step.
Theorem 3. Let the function f and the mappings H and G be twice differentiable in a neighborhood of a

strongly stationary point  ∈ �
n
 of problem (1.1), and let their second derivatives be continuous at this point.

Assume that the MPVC�strict Mangasarian–Fromovitz constraint qualification (2.9), (2.10) is fulfilled at 

for the (unique) MPVC�multiplier  = ( , ) associated with . Let the piecewise second�order sufficient
condition (2.18) be also fulfilled.

Assume that, in Algorithm 1, (xk + 1, ( , , )) is calculated as a pair that consists

of a stationary point and a Lagrange multiplier of quadratic program (3.6)–(3.8) and is a closest such pair to

(xk, ( , , ). Then, for every initial approximation (x0, µ0) that is sufficiently close to ( , ),

Algorithm 1 determines a trajectory {(xk, µk)} converging to ( , ) with a superlinear rate. The rate of con�
vergence is quadratic if the second derivatives of f, H, and G satisfy the Lipschitz condition with respect to .

Note the following fact. Under the hypotheses of this theorem, we have  = 0 in view of the second

equality in (2.15). If the lower�level strict complementarity condition is violated, then there exist piece�
wise problems corresponding to  for which the strict complementarity condition (that is, the require�
ment that all the Lagrange multipliers associated with the inequality constraints that are active at  be pos�

J1 I0+∩ ∅, J2 I+ I0–∪( )∩ ∅,= =

J2\ I0+ I00∪( ) J2\ I+ I0∪( ) ∅,= =
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x
x

x

J1 J1 x( ) i = 1 2 … m Gi x( ) Hi x( )<, , ,{ },= =
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itive) is not fulfilled. This condition is also violated for TNLP (2.2); consequently, the convergence results
for the SQP method based on the strict complementarity condition (e.g., see [10, Theorem 4.4.1]) cannot
be applied to these problems. Fortunately, a subtler result of this kind was obtained in [12] (see also [9,
Theorem 4.5.2]). Instead of strict complementarity, it only assumes the strict Mangasarian–Fromovitz
condition and the second�order sufficient condition.

Proof. As noted above, for every xk ∈ �
n
 that is sufficiently close to , the index sets J1 and J2 defined

by (3.4) and (3.5) at x = xk generate problem (3.2), which is identical to the piecewise problem associated
with the desired solution  up to some inequality constraints that are inactive at .

As shown in the proof of Theorem 1, the strong stationarity of  in problem (1.1) in combination with
the MPVC�strict Mangasarian–Fromovitz constraint qualification fulfilled at this point for the MPVC�
multiplier  implies that  is a stationary point for every piecewise problem (and is associated with the
same unique Lagrange multiplier ); moreover, for every piecewise problem, the strict Mangasarian–
Fromovitz condition is fulfilled at  for this multiplier. Finally, according to the second equality in (2.16),
the piecewise second�order sufficient condition (2.18) implies that the conventional second�order suffi�
cient condition is fulfilled at  for every piecewise problem (again with the same unique multiplier ).
Using the results given in [12], we conclude the following: for every point (xk, µk) that is sufficiently close
to ( , ), one SQP step as applied to any problem (and, hence, to problem (3.2)) obeys the estimate

.

In particular, xk + 1 does not leave the region of the correct identification of the piecewise problem, which
implies the required result. The theorem is proved.

Note that, theoretically, the identification step can be performed only once for k = 0 rather than at each
iteration of Algorithm 1. This does not affect the local superlinear convergence proved in Theorem 3.
However, performing the identification step at each iteration can be useful in practice because, intuitively,
this makes the algorithm less local. On the other hand, we explain below that the globalization of conver�
gence for the piecewise SQP method seems very problematic even if identification is performed at each
iteration step.

4. ACTIVE�SET METHODS

The active�set methods as applied to the MPCC were developed in [13]. Below, we propose active�set
methods for the MPVC. The idea behind them is to identify TNLP (2.2) corresponding to the desired
solution and apply the SQP method to this problem. To identify TNLP (2.2) means to identify the index
sets I+0, I0+, I00, and I0–. Under certain (very weak) assumptions, such an identification can locally be
implemented with no significant computational costs using the procedure proposed in [14] and the bound
for the distance to the set { } × Λ (see inequality (4.14) below) that follows from [15, Lemma 2] and [16,
Theorem 2]. An identification technique based on the combination of these methods was first applied in
[17], where no constraint qualification was imposed on the problem.

Namely, consider the Karush–Kuhn–Tucker (KKT) system for the original problem (1.1):

(4.1)

(4.2)

. (4.3)

This system can be rewritten as the equation

x

x x

x

µ x
µ

x

x µ

x µ

x
k 1+

x– µk 1+ µ–,( ) o x
k

x– µk µ–,( )( )=

x
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∂x
����� x λ,( ) 0,=
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0, H x( ) 0, λH

H x( ),〈 〉≥ ≥ 0,=

λGH
0, Gi x( )Hi x( ) 0, i≤≥ 1 2 … m, λi

GH
Gi x( )Hi x( )

i 1=

m

∑, , , 0= =

Φ x λ,( ) 0,=
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where the mapping Φ: �
n
 × (�

m
 × �

m
)  �

n
 × (�

m
 × �

m
) is given by the formula

Let θ ∈ (0, 1) be a fixed scalar. For the available primal�dual approximation (x0, λ0) ∈ �
n
 × (�

m
 × �

m
), we

set

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

Proposition 2. Let the function f and the mappings H and G be twice differentiable in a neighborhood of a

strongly stationary point  ∈ �
n
 of problem (1.1). Assume that the second�order sufficient condition (2.19),

(2.10) is fulfilled at this point for some Lagrange multiplier  = ( , ) ∈ Λ.

Then, for any fixed scalar θ ∈ (0, 1), there exists a neighborhood U of the point ( , ) such that for any (x0, λ0) ∈
U, we have

(4.11)

(4.12)

provided that the index sets are defined by (4.4)–(4.10).
Proof. We prove the first equality in (4.11). (The other equalities in (4.11) and (4.12) can be proved in

a similar way.)

Let i ∈ I+(x0, λ0) but i ∉ I+. Then, Hi( ) = 0; consequently, in view of (4.4) and the mean value theo�
rem, we have

(4.13)

In particular, this means that x0 ≠ .

On the other hand, from [15, Lemma 2; 16, Theorem 2], we conclude the following: if (2.19) is ful�
filled, then there exists a constant c > 0 such that the bound

(4.14)

holds for every pair (x, λ) ∈ �
n
 × (�

m
 × �

m
) that is sufficiently close to ( , ). In particular, this means

that the bound

holds if (x0, λ0) is sufficiently close to ( , ). This inequality, combined with (4.13), implies the estimate

which is impossible for θ ∈ (0, 1) and x0 ≠ . Thus, the inclusion I+(x0, λ0) ⊂ I+ is proved.
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Now, assume that i ∈ I+. Then, Hi( ) > 0, and the inequality

(4.15)

holds for every x0 that is sufficiently close to . On the other hand, Φ(x, λ)  0 as (x, λ)  ( , ).
Consequently, we have

(4.16)

if (x0, λ0) is sufficiently close to ( , ). Combining (4.15) and (4.16), we obtain the inequality ||Φ(x0, λ0)||θ <
Hi(x0). Now, (4.4) implies that i ∈ I+(x0, λ0). This proves the inclusion I+ ⊂ I+(x0, λ0), which completes
the proof of the first equality in (4.11).

Now, we give a formal description of the active�set method with the identification performed only at
the initial point.

Algorithm 2

Preliminary step. Fix θ ∈ (0, 1). Set k = 0 and choose x0 ∈ �
n
 and λ0 = ((λH)0, (λGH)0) ∈ �

m
 × �

m
.

Identification step. Define the index sets I+0 = I+0(x0, λ0), I0+ = I0+(x0, λ0), I00 = I00(x0, λ0), and I0– =
I0–(x0, λ0) in accordance with formulas (4.4)–(4.10).

Initialization step. Define  and by formulas given in Proposition 1; namely,

(4.17)

(4.18)

and set

SQP step. Calculate xk + 1 ∈ �
n
 as a stationary point of the quadratic programing problem

  min, (4.19)

(4.20)

(4.21)

Calculate ( , , ) ∈  ×  ×  as the Lagrange multi�

plier associated with xk + 1. Set µk + 1 = ((µH)k + 1, (µG)k + 1) assigning zero values to the undefined compo�
nents; that is,

(4.22)

Increase k by one and go to the beginning of the SQP step.
Theorem 4. Let the function f and the mappings H and G be twice differentiable in a neighborhood of a

strongly stationary point  ∈ �
n
 of problem (1.1), and let their second derivatives be continuous at this point.

Assume that the MPVC�strict Mangasarian–Fromovitz constraint qualification (2.9), (2.10) is fulfilled at 

for the (unique) MPVC�multiplier  = ( , ) associated with . Let the second�order sufficient condition

(2.19) be also fulfilled for some Lagrange multiplier  = ( , ) ∈ Λ.

Assume that, in Algorithm 2, (xk + 1, ( , , )) is calculated as a pair that

consists of a stationary point and a Lagrange multiplier of quadratic program (4.19)–(4.21) and is a closest

such pair to (xk, ( , , )). Then, for every initial approximation (x0, λ0) that is suf�
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ficiently close to ( , ), Algorithm 2 determines a trajectory {(xk, µk)} converging to ( , ) with a superlinear
rate. The rate of convergence is quadratic if the second derivatives of f, H, and G satisfy the Lipschitz condition
with respect to .

Proof. By Proposition 2, for every initial approximation (x0, λ0) that is sufficiently close to ( , ), the
index sets I+0, I0+, I00, and I0– defined at the identification step of Algorithm 2 are identical to I+0( ),

I0+( ), I00( ), and I0–( ), respectively.

By Theorem 1, the strong stationarity of  in problem (1.1) in combination with the MPVC�strict
Mangasarian–Fromovitz constraint qualification fulfilled at this point for the MPVC�multiplier 
implies that  is a stationary point of TNLP (2.2) (and is associated with the same unique Lagrange mul�
tiplier ). Also, recall that the MPVC�strict Mangasarian–Fromovitz constraint qualification is the strict
Mangasarian�Fromovitz condition for TNLP (2.2).

As indicated at the end of Section 2, the second�order sufficient condition (2.19) implies the piecewise
sufficient condition (2.18). In turn, the latter implies that the second�order sufficient condition is fulfilled
at  for TNLP (2.2) (again, with the same unique multiplier ). Indeed, according to (2.16), the critical
cone of TNLP (2.2) at the point , given by

(4.23)

is contained in C2.

Finally, if (x0, λ0) is sufficiently close to ( , ), then the pair ( , ) defined by the for�

mulas (4.17) and (4.18) is sufficiently close to ( , ) because, by Proposition 1, the latter pair sat�

isfies (2.14) and (2.15) at λ = .

Now, the required assertion follows from available results on the superlinear local convergence of SQP
methods (see [12]). The theorem is proved.

A natural analog of Algorithm 2 is the one in which the identification step is performed at each iteration
rather than only at the initial point. At each iteration of such algorithm, one should use the available
approximation µk to the MPVC multiplier to find an approximation λk to the genuine Lagrange multiplier;
the latter is required at the identification step. The necessity of the repeated mutual updating of λk and µk

makes this algorithm and its local analysis significantly more complex. However, compared to Algorithms 1 and
2, the modified algorithm is much more suitable for the globalization of convergence. Indeed, the prox�
imity to the points satisfying the KKT system (4.1)–(4.3) can be controlled using some globally defined
performance criterion such as |Φ(·)|. By contrast, finding MPVC multipliers involves certain index sets
depending on a specific ; consequently, it is hardly possible to indicate a global performance criterion
specifying MPVC multipliers.

Recall that the piecewise second�order sufficient condition (2.18), which is required for the local
superlinear convergence of the piecewise SQP method, is at least not stronger than the existence of a

Lagrange multiplier  ∈ Λ satisfying (2.19). The latter condition is required for the local superlinear con�
vergence of the active�set method. On the other hand, as noted above, the active�set method is more
promising for the globalization of convergence. Moreover, the step of Algorithm 2 can be made consider�
ably cheaper if, instead of the MPVC�strict Mangasarian–Fromovitz constraint qualification (2.9),
(2.10), the stronger linear independence constraint qualification (2.11) is fulfilled. In this case, subprob�
lem (4.19)–(4.21) can be replaced by a quadratic program with equality constraints. Then, finding sta�
tionary points reduces to solving a system of linear equations.

Namely, let the sets I+0, I0+, I00, and I0– be identified. Then, instead of TNLP (2.2), we solve the asso�
ciated problem in which all the inequality constraints are replaced by equalities; that is,

  min, (4.24)

x λ x µ

x

x λ
x

x x x

x
µ

x
µ

x µ
x

CNMPP CNMPP x( ) ξ �
n

HI0+ I00∪
' x( )ξ = 0 H0–' x( )ξ 0 GI+0 I00∪

' x( )ξ 0 f' x( ) ξ,〈 〉 0≤,≤,≥,∈{ }= =

x λ µI0

H( )
0

µI+0 I00∪

G( )
0

µI0

H µI+0 I00∪

G

λ

x

λ

f x( ) HI0
x( ) 0, GI+0 I00∪ x( ) 0.= =
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Accordingly, the SQP step is replaced in Algorithm 2 by the Newton method step for the Lagrangian sys�

tem of problem (4.24). Namely, for the current approximation (xk, µk) ∈ �
n
 × (�

m
 × �

m
), we calculate the

point (xk + 1, ( , )) as a solution to the linear system

As before, the remaining components µk + 1 = ((µH)k + 1, (µG)k + 1) are set equal to zero (see (4.22)).
Observe that, if the sets I+0, I0+, I00, and I0– are correctly identified, then a weakly stationary point 

of MPVC (1.1) (and, even more so, a strongly stationary point) is a stationary point of problem (4.24).
Moreover, the MPVC linear independence condition (2.11) is the conventional constraint qualification
for problem (4.24) at the point . If this condition is fulfilled, then the MPVC multiplier  is the unique
Lagrange multiplier of problem (4.24) associated with .

Furthermore, as repeatedly noted above, the second�order sufficient condition (2.19) fulfilled for some

Lagrange multiplier  ∈ Λ implies that the piecewise second�order sufficient condition (2.18) is also ful�
filled. The stationarity of  in problem (4.24) is equivalent to the relation

Then, (2.16) entails the inclusion

In view of (2.18), the standard second�order sufficient optimality condition for problem (4.24) is fulfilled
at ; that is,

Thus, we showed that all the conditions for the local superlinear convergence of Newton’s method as
applied to the Lagrangian system of problem (4.24) are fulfilled at the point ( , ) (e.g., see [10, Theorem
4.3.1]). It follows that an analog of Theorem 4 holds for the above modification of Algorithm 2. Moreover,
there is no need to require any proximity of the next approximation to the current one. In addition, we
can claim that the trajectory {(xk, µk)} is uniquely determined.
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1. INTRODUCTION

The conjugation problem for the Laplace equation is a classical model in the theory of direct currents
in piecewise homogeneous conducting media (see [1]). It naturally arises in the theory of direct�current
electrical exploration (see [2, 3]) and in the simulation of electrical engineering systems (see, e.g., [4]).
This class of problems concerns to boundary value problems in unbounded domains.

In the study of bioelectric phenomena, the conjugation problem models tissues inhomogeneities and
most frequently arises as an interior problem with Dirichlet or Neumann boundary conditions. Specifi�
cally, interest in Dirichlet problems for piecewise homogeneous three�dimensional domains has relatively
recently arisen in computational cardiac electrophysiology. Examples of problems in this area are direct
and inverse electrocardiology problems (see [5]) and the modeling of cardiac excitation based on the bido�
main model equations (see [6]). The conjugation problem also arises in medical diagnostics related to the
processing of electroencephalography and impedancemetry data, specifically, in impedance tomography
(see [7]). Many of these issues lead to inverse problems and the design of algorithms for their solution
involves the development of effective methods for solving direct problems. An example of the latter is the
three�dimensional Dirichlet problem for the Laplace equation in piecewise homogeneous media.

In this paper, we give the mathematical formulation of the three�dimensional Dirichlet problem and
prove the uniqueness of its solution. Additionally, a system of Fredholm integral equations of the second
kind is constructed and the existence of a solution to this system and the problem itself is proved. We con�
struct a system of integral equations of the first kind with a weak singularity in the kernel and develop
numerical algorithms for its solution based on interpolation and collocations (see [8–10]). Numerical
results are presented.

2. FORMULATION OF THE PROBLEM AND A UNIQUENESS THEOREM

Consider a domainΩ = Ω0 ∪ Ω1 ∪ … ∪ ΩN in R3 (see Fig. 1). The boundaries Γi of Ωi (i = 0, 1, …, N) are
sufficiently smooth (Lyapunov surfaces). The problem is formulated as follows.
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Find a function u(x) such that u ∈ C( ); u(x) = ui(x), x ∈ Ωi, i = 0, 1, …, N, where ui ∈ C2(Ωi) ∩

C1( ) and

(1)

(2)

The transmission conditions

(3)

(4)

are on Γi, i = 1, 2,, …, N. Here, ki (i = 0, 1, …, N) are positive and finite parameters.

Theorem 1. The solution to problem (1)–(4) is unique.

Proof. Let (x) and (x) be solutions to problem (1)–(4). Define the function

Then we have

On Γi, i = 1, 2, …, N, the following transmission conditions hold:

(5)

(6)

Using the first Green’s identity in the multiply connected domain Ω0 yields

(7)

Ω

Ωi

∆ui x( ) 0, x Ωi, i∈ 0 1 … N,, , ,= =

u0 x( ) U0 x( ), x Γ0, U0 x( ) C Γ0( ).∈ ∈=

u0 x( ) ui x( ), x Γi, i∈ 1 2 … N,, , ,= =

k0
∂u0 x( )

∂n
������������� ki

∂ui x( )
∂n

������������, x Γi, i∈ 1 2 … N., , ,= =

ũ ũ̃

w x( ) ũ x( ) ũ̃ x( ), x– Ω.∈=

∆wi x( ) 0, x Ωi, i∈ 0 1 … N,, , ,= =

w0 x( ) 0, x Γ0.∈=

w0 x( ) wi x( ), x Γi, i∈ 1 2 … N,, , ,= =

k0
∂w0 x( )

∂n
������������� ki

∂wi x( )
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�������������, x Γi, i∈ 1 2 … N., , ,= =
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Fig. 1.
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Since ∆w0(x) = 0 for x ∈ Ω0 and w0(x) = 0 for x ∈ Γ0, relation (7) becomes

(8)

For Ωi, i = 1, 2, …, N, the Green’s identity implies

(9)

Since ∆wi(x) = 0 for x ∈ Ωi, i = 1, 2, …, N, Eq. (9) becomes

In view of (5), this can be rewritten as

(10)

Equation (8) is multiplied by k0 and each ith expression in (10) is multiplied by ki and is added to obtain

(11)

In view of (6), the first sum in (11) vanishes. Thus, (11) becomes

(12)

Since ki > 0, identity (12) vanishes if and only if gradwi(x) = 0 in Ωi. Therefore, wi(x) = const for i = 0, 1,
…, N, and the condition w0(x) = 0, x ∈ Γ0, implies that w(x) = 0. Thus, the solution to problem (1)–(4) is
unique.

3. CONSTRUCTION OF A SYSTEM OF FREDHOLM BOUNDARY
INTEGRAL EQUATIONS OF THE SECOND KIND

Let u(x) (x ∈ Ω) be a solution to problem (1)–(4). Suppose that there exist functions µj(y), y ∈ Γj, j =
0, 1, …, N such that u(x) can be represented as

(13)

where |x – y | is the distance between the points x and y; µ0 is the double�layer potential density on the sur�
face Γ0; and µj is the single�layer potential density on Γj, j = 1, 2, …, N.

Note that (13) automatically satisfies conditions (1) and (3), while the fulfillment of conditions (2) and
(4) leads to a system of (N + 1) integral equations. The first equation of the system is constructed as fol�
lows.

Let a point x be dropped from the domain Ω0 onto the surface Γ0 in (13). By the well�known properties
of double�layer potentials, we obtain the following equation on Γ0:

(14)
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Differentiating (13) along the normal ni to Γi (i = 1, 2, …, N) gives N representations

(15)

Let a point x be dropped from Ω0 onto each surface Γi (i = 1, 2, …, N) in (15). By the properties of normal
derivatives of a single�layer potential, we obtain integral equations for µi:

(16)

Dropping in (15) a point x from Ωi onto Γi, i = 1, 2, …, N, respectively, we obtain the integral equations

(17)

Subtracting (17) times –ki from (16) times k0 and taking into account conditions (4) gives

Thus, we have derived N integral equations

(18)

Combining (14) with (18), we obtain the system of integral equations

(19)

Note that (19) is a system of Fredholm integral equations of the second kind in a space of continuous
functions, since the matrix of free terms is diagonal and the kernels of the system are either continuous or
have a weak singularity at coinciding arguments. Therefore, the unique solvability of this system follows
from the Fredholm first theorem if we show that the system of homogeneous integral equations corre�
sponding to (19) has only the trivial solution.

Since system (19) is equivalent to the original problem, the unique solvability of (19) implies the unique
solvability of problem (1)–(4).

Theorem 2. Problem (1)–(4) has a solution.

Proof. Consider homogeneous system (19) (with U0(x) ≡ 0). Let continuous functions , …, 
be a nontrivial solution to this system.

By using formula (13), homogeneous systems (19) generates a solution uhom(x) to homogeneous prob�
lem (1)–(4). Consider the following interior Dirichlet problems in the domains Ωi:
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If each of the functions (x) is represented as a double�layer potential with the density , then,
on each boundary Γi, we obtain the integral equation

which has only the trivial solution. Thus, we have

Substituting  into the first equation in (19) yields an equation for :

which also has only the trivial solution.

Thus, the vector µ(x) = [µ0(x), …, µN(x)]T = 0 solves homogeneous system (19), and, by the uniqueness
theorem, there are no functions µi(x) that are nonzero. Therefore, the inhomogeneous system of integral
equations (19) with any given function U0(x) ∈ C(Γ0) is uniquely solvable, which proves the unique solv�
ability of problem (1)–(4).

4. CONSTRUCTION OF A SYSTEM OF FREDHOLM INTEGRAL EQUATIONS OF THE FIRST 
KIND AND A METHOD FOR ITS NUMERICAL SOLUTION

Along with system (19) of Fredholm integral equations of the second kind, the original differential
problem (1)–(4) can be reduced to a system of integral equations of the first kind, which has a simpler
structure. Specifically, the latter system can be immediately written for the function and its normal deriv�
ative and does not contain any second normal derivatives. Let us construct this system.

For the domain Ω0 with a multiply connected boundary Γ0 ∪ … ∪ ΓN and outward normals, using the
third Green’s identity and condition (3), we can write N + 1 equations

(20)

where i = 0, 1, …, N; x ∈ Γi are collocation points; y ∈ Γj are integration points; |x – y | is the distance

between the points x and y; and (y) = ∂u0(y)/∂ny.

In turn, for each domain Ωi with a simply connected boundary Γi and outward normals, we can write
N boundary integral equations

(21)

where i = 1, 2, …, N; x ∈ Γi are collocation points; y ∈ Γi are integration points; |x – y | is the distance

between the points x and y; and (y) = ∂ui(y)/∂ny. In view of conditions (4) we have

and Eq. (21) can be written as

(22)

ui
hom µi

hom

µi
hom

x( ) 1
2π
����� µi

hom y( ) ∂
∂ny

������ 1
x y–

����������� syd

Γi

∫– 0,=

µi
hom

0, i 1 2 … N., , ,= =

µi
hom µ0

hom

2πµ0
hom

x( ) µ0
hom

y( ) ∂
∂n0

������ 1
x y–

����������� syd

Γ0

∫+ 0,=

2πui x( ) qj
+

y( ) 1
x y–

����������� syd

Γj

∫ uj y( ) ∂
∂ny

������ 1
x y–

����������� syd

Γj

∫–
⎝ ⎠
⎜ ⎟
⎛ ⎞

,

j 0=

N

∑=

qj
+

2πui x( )– qi
–

y( ) 1
x y–

����������� syd

Γi

∫ ui y( ) ∂
∂ny

������ 1
x y–

����������� sy,d

Γi

∫–=

qi
–

qi
–

y( )
k0

ki

����qi
+

y( ), i 1 2 … N, y Γi,∈, , ,= =

2πui x( )–
k0

ki

����qi
+

y( ) 1
x y–

����������� syd

Γi

∫ ui y( ) ∂
∂ny

������ 1
x y–

����������� sy, id

Γi

∫– 1 2 … N., , ,= =
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Combining (20) and (22) yields a system of Fredholm integral equations of the first kind

(23)

It can be shown that system (23) is equivalent to original problem (1)–(4); moreover, it is uniquely
solvable if there exists a solution to problem (1)–(4), and its solution can be obtained by the method of
interpolation and collocations (see [8–10]).

Following [11], we pass to a discrete representation of system (23). The surfaces Γi (i = 0, 1, …, N) are
triangulated and each Γi is represented as a collection of boundary elements dsp: Γi = ds1 ∪ … ∪ dsm. Let
ϕ1, …, ϕm be a system of m linearly independent basis elements (characteristic functions) defined as

The function u(x) and its normal derivative are represented as expansions in terms of ϕp (piecewise con�
stant approximation):

(24)

where αp and βp are the values of u(s) and q(s), respectively, at the barycenter of the pth boundary element.

Then, after discretizing, system (23) becomes

(25)

where the matrices Gij are obtained by discretizing integrals of the form

(26)

and the matrices  are obtained by discretizing integrals of the form

(27)

The matrices  and  are defined as

(28)

where E is the identity matrix.

2πui x( ) qj
+

y( ) 1
x y–

����������� syd

Γj

∫ uj y( ) ∂
∂ny

������ 1
x y–

����������� syd

Γj

∫–
⎝ ⎠
⎜ ⎟
⎛ ⎞

, x
j 0=

N

∑ Γi, i∈ 0 1 … N,, , ,= =

2πui x( )–
k0

ki

����qi
+

y( ) 1
x y–

����������� syd

Γi

∫ ui y( ) ∂
∂ny

������ 1
x y–

����������� sy, xd

Γi

∫– Γi, i∈ 1 2 … N., , ,= =

ϕp s( )
1, s dsp∈

0, s dsp.∉⎩
⎨
⎧

=

u s( ) αpϕp s( ), q s( )
p 1=

m

∑ βpϕp s( ),

p 1=

m

∑= =

2πui Gijqj
+

Ĥijuj–( ), i
j 0=

N

∑ 0 1 … N,, , ,= =

2πui–
k0

ki

����Giiqi
+

Ĥiiui, i– 1 2 … N,, , ,= =

1
x y–

����������� sy, xd

Γj

∫ Γi,∈

Ĥij

∂
∂ny

������ 1
x y–

����������� sy, xd

Γj

∫ Γi.∈

Hij
+

Hij
–

Hij
+ Ĥij, i j≠

Ĥij 2πE, i+ j,=⎩
⎨
⎧

=

Hij
– Ĥij, i j≠

Ĥij 2πE– , i j,=⎩
⎨
⎧

=
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Then system (25) can be written as

(29)

System (29) contains (2N + 1) equations and (4N + 2) unknowns. A system of (N + 1) equations with
(N + 1) unknowns can be derived from it as follows. Expressing q+ from the second part of system (29) and
substituting it into the first part of (29) yields the system

(30)

where

(31)

i = 0, 1, …, N and j = 1, 2, …, N. Applying Dirichlet conditions (2) to (30), we obtain the system of equa�
tions

(32)

or, in a compact form,

(33)

where ci = .

The unknowns in the system of block matrix equations (33) can be directly expressed. However, for a
large number of inhomogeneous domains, the direct expression becomes laborious. In that case, the sys�
tem can be solved iteratively, for example, by the Gauss–Seidel method.

The computational algorithm consists of the following steps.

ALGORITHM

Step 1. For each boundary Γi, choose normal directions outward with respect to Ω0 (see Fig. 1).
Step 2. Discretize each boundary and represent it as a triangulation grid.

Step 3. For each pair of boundaries Γi and Γj, produce the matrices Gij and  by numerically comput�
ing surface integrals (26) and (27) with collocation points x ∈ Γi and integration points y ∈ Γj, where the
points are taken at the barycenters of boundary elements.

Step 4. Calculate the matrices Rij by formulas (28) and (31) with the use of Dirichlet boundary condi�
tions. As a result, the system of block matrix equations (33) is formed.

Step 5. Solve the resulting system by directly expressing the unknowns or applying the Gauss–Seidel
method.

Hij
+

uj

j 0=

N

∑ Gijqj
+

, i
j 0=

N

∑ 0 1 … N,, , ,= =

Hii
–

ui
k0

ki

����Giiqi
+

, i 1 2 … N., , ,= =

R01u1 R02u2 … R0NuN+ + + G00q0
+

H00
+

u0,–=

R11u1 R12u2 … R1NuN+ + + G10q0
+

H10
+

u0,–=

………………………………………………

RN1u1 RN2u2 … RNNuN+ + + GN0q0
+

HN0
+

u0,–=

Rij Hij
+ kj

k0

����GijGjj
1–
Hjj

–
,–=

G00q0
+

– R01u1 R02u2 … R0NuN+ + + + c0,–=

G10q0
+

– R11u1 R12u2 … R1NuN+ + + + c1,–=

………………………………………………

GN0q0
+

– RN1u1 RN2u2 … RNNuN+ + + + cN,–=

G00– R01 R02 … R0N

G10– R11 R12 … R1N

     

GN0– RN1 RN2 … RNN

q0
+

u1

u2

…
uN

c0–

c1–

c2–

…
cN–

,=
……………………………

Hi0
+

U0

Ĥij
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5. SOME RESULTS OF NUMERICAL EXPERIMENTS

The numerical experiments were performed according to the following scheme. Arbitrary domains Ω0,
…, ΩN with boundaries Γ0, …, ΓN were specified in a system of spline 3D simulation. A software code for
automatic grid generation (see [12]) was used to produce a boundary element triangulation grid on Γi, i =
0, 1, …, N. The number of boundary elements on each surface ranged from 500 to 700. The potential of
electric charges was set as a boundary condition. Next, system (33) was produced and the problem was
solved numerically.

To test the computational methods and schemes and estimate their errors, we used the following clas�
sical problem with an analytical solution. Let an electric field of potential U0 with a constant gradient
gradU0 = const be given in a ball Ω of radius a0 bounded by the sphere Γ0 with the electrical conductivity
k0. A ball Ω1 of radius a with the electric conductivity k1 bounded by the sphere Γ1 is placed in Ω1 (here,
a < a0 and the centers of the balls coincide). The goal is to find the resulting electric field potential u0 in
Ω0 = Ω\Ω1 and u1 in Ω1.

Introducing spherical coordinates with the origin at the center of the ball and solving the Laplace equa�
tions in spherical coordinates, we can show (see [13]) that the desired potential is represented in Cartesian
coordinates as

(34)

in Ω0 and as

(35)

in Ω1. Here, σ = k1/k0, r = (x, y, z)T is the vector from the ball center to a given point, and a is the radius
of Ω1.

The electric conductivity was specified as k0 = 1 in Ω0 and as k1 = 10n (n = –2, –1, …, 2) in Ω0. In
Cartesian coordinates, the original potential U0 was defined as

with the gradient

where r = (x, y, z)T and α, β, and γ are constant coefficients. Next, an analytical solution to the problem
was constructed and the potentials in Ω0 and Ω1 were calculated by formulas (34) and (35). The results
were used as reference ones for comparison with the numerical solution.

For the numerical solution, the Dirichlet condition on Γ0 was specified by computing the potential by
formulas (34) and (35) at nodes of the surface triangulation grid. The numerical solution was found using
a software code developed by the authors in MatLab.

To compare the numerical solution with the analytical one, we calculated the relative error

where ua are the values of the potential computed analytically at interior grid points in Ω and un are the
numerical values of the potential at the same points.

u r( ) gradU0 r σ 1–( )
σ 2+( )

�������������� a
3

r
3

�����gradU0 r, r Ω0,∈⋅+⋅=

u r( ) gradU0 r σ 1–( )
σ 2+( )

��������������gradU0 r, r Ω1,∈⋅+⋅=

U0 r( ) αx βy γz+ +=

gradU0 r( ) α β γ, ,( )
т
,=

ε ua un– / ua ,=

Table

Ω  = 10–2  = 10–1  = 100  = 101  = 102

Ω0 : a0 = 3 3.84 × 10–2 2.93 × 10–2 1.74 × 10–4 1.60 × 10–2 1.83 × 10–2

Ω1 : a = 1 3.41 × 10–2 2.62 × 10–2 1.68 × 10–4 1.41 × 10–2 1.62 × 10–2

Ω0 : a0 = 5 8.22 × 10–3 6.31 × 10–3 6.71 × 10–5 3.52 × 10–3 4.03 × 10–3

Ω1 : a = 1 4.52 × 10–3 3.51 × 10–3 1.20 × 10–4 1.81 × 10–3 2.09 × 10–3

Ω0 : a0 = 7 3.04 × 10–3 2.34 × 10–3 4.55 × 10–5 1.26 × 10–3 1.45 × 10–3

Ω1 : a = 1 9.67 × 10–4 3.64 × 10–4 1.10 × 10–4 3.76 × 10–4 4.17 × 10–4

k0

k1

����
k0

k1

����
k0

k1

����
k0

k1

����
k0

k1

����
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The relative errors for various radii of the spheres and various conductivities are presented in the table.
These results show that the algorithm designed for the numerical solution of the Dirichlet problem
for the Laplace equation in a piecewise homogeneous medium produces a solution with the relative
error ε ≈ 10–2–10–5.

To illustrate the capabilities of the method, we solved the Dirichlet problem for the Laplace equation
in a piecewise homogeneous domain of complex geometry. A sphere Γ0 and an ellipsoid Γ1 with different
centers were defined in a 3D surface simulation editor (see Fig. 2a). The potential of two positive electric
charges located on the z axis was specified as a boundary condition. We computed the potential in the
domain Ω0 bounded by Γ0 and Γ1 and in the domain Ω1 bounded by Γ1. The conductivities were specified
as k0 = 1 and k1 = 5. The number of boundary elements on each surface ranged from 1400 to 1600. Figures 2b–
2d show the numerical results in the form of contour lines of the potential in the planes x = 0, y = 0, and
z = 0, respectively.

Thus, based on the methods proposed in this paper, effective algorithms can be constructed for solving
three�dimensional Dirichlet problems in a piecewise homogeneous medium.
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The cylindrical flow of a polytropic gas is governed by the gasdynamic equations (see [1]) in Eulerian
coordinates

(1)

where 0 ≤ x < ∞, ρ is the density, u is the velocity, p = Rgρθ is the pressure, θ is the temperature, E = e +
u2/2 is the specific energy, e = cVθ is the specific internal energy, and Rg is the gas constant.

According to [2], the viscosity  and the thermal conductivity  are proportional to the mean free

path in the gas. Consequently, they can be represented as  = ε  and  = ε , where ε is the Knudsen
number.

System (1) is supplemented with the initial and boundary conditions

(2)

(2а)

Here, (2a) is a flow symmetry condition (see [3, 4]) and

(2b)

where γ = cp/cV and  is the back pressure. It is assumed that an energy amount of 2πE0 is instantaneously
released on the axis of symmetry at t = 0 and remains constant for the entire volume of the moving gas,
specifically,

(2c)

A similar problem without viscosity or thermal conductivity was solved in a number of monographs and

works (see, e.g., [1, 3–6]) assuming the existence of a shock wave x =  arising in the gas with no vis�
cosity or thermal conductivity.

Our goal is to construct a high�order asymptotic expansion of the solution to problem (1), (2) in powers
of ε by applying the boundary function method (see [7, 8]). Additionally, we substantiate this expansion
and prove the existence and uniqueness of a solution to problem (1), (2), (2a)–(2e).

ρt ρu( )x ρu/x+ + 0,=

ρu( )t p ρu
2

+( )x ρu
2
/x+ + µux( )x,=

ρE( )t ρu E p/ρ+( )[ ]x ρu E p/ρ+( )[ ]/x+ + λθx µuux+( )x λθx µuux+( )/x,+=

)

) ) ) )

µ

)

λ

)

µ

)

µ̂ λ

)

λ̂

ρ u p, ,( ) t 0= ρ0 u0 p0, ,( ) const,= =

u 0 t ε, ,( ) 0,=

ρ0 ρ0, u0 0, p0 0, γ 1,>= = =

p0

)

ρ e 1
2
��u

2
+⎝ ⎠

⎛ ⎞ x xd

0

∞

∫ E0.=

a t
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1. SELF�SIMILAR PROBLEM

1. After switching to the new variables

(1а)

(below, the primes are omitted), system (1) becomes

(1b)

where

and a is a parameter chosen so that y = 1 at the shock front.
Integrating system (1b) with respect to y and taking into account (2a) and (2b), we obtain the system

(1c)

which is reduced in one in the Tikhonov form

(3)

where w = (V, θ), ν = (q, r), µ = /(aq0), λ = /(aq0Rг), and u = y – qV. In view of (1a), we obtain

(3а)

The additional conditions become

(3b)

(3c)

where E0 = 4E0/ρ0a
4.

System (1) is also reduced to the Tikhonov form in terms of z = (ρ, p),

(4)

by making the substitutions

(40)

y x

a t
�������, ρ' ρ

ρ0

����, u' y( ) tu
q0V0

��������, θ' y( )
Rgtθ

q0
2
V0

2
���������, E ' y( ) tE

q0
2
V0

2
���������= = = = =

d
dy
����ρ u y–( ) ρ ρu

y
�����+ + 0,=

d
dy
���� p ρu u y–( ) εµdu

dy
�����–+⎝ ⎠

⎛ ⎞ ρu
2

y
�������+ 0,=

d
dy
���� y ρ u y–( )E up εµudu

dy
�����–+⎝ ⎠

⎛ ⎞ ε d
dy
���� λydθ

dy
�����⎝ ⎠

⎛ ⎞ ,=

µ µ̂
aq0

������, λ λ̂
aq0Rг

�����������, q0
1
2
��ρ0a, V0

1
ρ0

����,= = = =

ρ u y–( ) q+ 0, dq
dy
����� ρ ρu
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�����,+= =

εµdu
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dy
����–+ ρu
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dy
����� ρ u y–( )E up– εµudu
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εdw
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⎛ ⎞ ε V
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⎜ ⎟
⎛ ⎞
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⎜ ⎟
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Here,

(4а)

According to (2a)–(2c), the additional condition become

(4b)

(4c)

where

System (1b) can also be reduced to the form

(1d)

where

(4e)

Combining the equations of system (1d) yields

(4f)

2. FORMAL SCHEME FOR CONSTRUCTING ASYMPTOTICS

Following [7, 8], an asymptotic expansion for problem (3), (3b), (3c) or problem (4), (4b), (4c) is
sought in the form of an expansion in powers of ε for X = (w, ν) or Z = (z, ν) on the half�axle 0 < y < ∞
assuming that the degenerate solution is discontinuous (shock wave) at the point y = 1, i.e.,

(5)

where ΠkX(η) = { (η) for η < 0, (η) for η > 0}.

Substituting (5) into (3) gives the formal equality

where ΠF = F( (1 + εη, ε) + ΠX(η, ε), 1 + εη, ε) – F( (1 + εη, ε), 1 + εη, ε) and Πf = ΠF |F � f, which
is divided into two subsystems: a regular one

(6)

and a singular one

(7)

Moreover, at the point y = 1, we have the matching conditions

(8)

where

(8а)

F T
1–
F w � z, T
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z( ) ρ2

– 0

ρp– ρ⎝ ⎠
⎜ ⎟
⎛ ⎞
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ρ 2–
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⎜ ⎟
⎛ ⎞

.= = = =

q y 0= 0, ρ p,( ) y ∞→ 1 0,( ), q/y y ∞→ 1,= = =

ρEy yd

0

∞

∫ E
0
,=

E p
γ 1–
��������� 1

2ρ
����� q yρ–( )2

, E
0

+ 4E0/ ρ0a
4( ).= =

u y–( ) ρln( )' u' u/y+ + 0,=

u y–( )u' p'/ρ u–+ εµu''/ρ,=

u y–( ) pln( )' γ u' u/y+( ) 2–+ εg/p,=

X ' dX
dy
�����, g γ 1–( ) λ θ'' θ'/ξ+( ) µ u'( )2

uu'/ξ+[ ]+{ },= =

pln( )' γ 1–( ) ρln( )'– y u y–( )ln[ ]'+ εg/p.=

X X ΠX, X y ε,( )+ Xk y( )εk
, ΠX η ε,( )

k 0=

∑ ΠkX η( )εk
, η

k 0=

∑
y 1–

ε
���������,= = = =

Πk
–

X Πk
+

X

εdw
dy
����� dΠw

dη
���������+ F X y ε, ,( ) ΠF, εdν

dy
����� dΠν

dη
���������+ + εf X y,( ) εΠf,+= =

X X

εdw
dy
����� F X y ε, ,( ), dν

dy
����� f X y,( )= =

dΠw
dη

��������� ΠF, dΠν
dη

��������� εΠf.= =

X
l Π–

X η 0=+ X
r Π+

X η 0= ,+=

X
l

X 1 0–( ), X
r

X 1 0+( ), X
l εk

Xk
l
, X

r

k 1=

∑ εk
Xk

r
.

k 1=

∑= = = =
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The coefficients of the regular expansion  = ( , ) are found from the following systems for the zeroth
and kth approximations:

(6а)

(6b)

where (y) = Fw( (y), y, 0); (y) = Fν( (y), y, 0); and RkF(y) are polynomials in , …, ,
which, according to conditions (3b), are supplemented by the boundary conditions

(9а)

for k= 0 and by the conditions

(9b)

for k > 1. Condition (3c) will be taken into account later.
For y > 1, the degenerate solution of problem (6a), (9a) is

For 0 < y < 1, since (y) is continuous, the degenerate solution is found from system (6a) with the initial

condition |y = 1 =  = . Moreover, the values  = (1 – 0) are determined from the conditions

(10)

which are known as the Rankine–Hugoniot relations.

Thus, the degenerate solution is a discontinuous function of the components (y) with the values 

and  =  on the left� and right�hand sides of the discontinuity at y = 1.

Similarly, for k > 1, problem (6b), (9b) on the interval 1 < y < ∞ has the solution (y) ≡ 0, (y) ≡ 0,

while, on the interval 0 < y < 1, the solution is determined from (6b) with the initial data |y = 1 = ,
which are specified below.

To determine (y) and (y) from the indicated initial value problems, it is convenient to use some
of their first integrals.

For the regular part of the expansion, Eq. (3c) is the energy integral

(11)

Integrating (4e) with respect to y from 1 to some y ∈ [0, 1], we obtain an adiabatic integral for the regular
part of the expansion:

(12)

where

and g is defined in (4d).
By simple combinations, system (6) is reduced to the single equation

(13)

X w ν

0 F X0 y 0, ,( ),
dν0

dy
������� f X0 y,( ),= =

dwk 1–

dy
������������ Fw y( )wk Fν y( )νk RkF y( ),+ +=

dνk

dy
������� f w y( )wk f ν y( )νk Rkf y( ),+ +=

Fw X0 Fν X0 X1 Xk 1–

q0 y 0= 0, V0 θ0,( ) y ∞→ 1 0,( ), q0/y y ∞→ 1,= = =

qk y 0= 0, Vk θk,( ) y ∞→ 0 0,( ), qk/y y ∞→ 1,= = =

V0 1, θ0 0 ρ0 1 p 0≡,≡( ), q0≡ ≡ y, r0 0,≡=

ν0

ν0 ν0
l 1

0⎝ ⎠
⎛ ⎞ w0

l
w0

F w0
l ν0

l
1 0, , ,( ) 0,=

w0 w0
l

w0
r 1

0⎝ ⎠
⎛ ⎞

wk νk

νk νk
l

wk νk

u y–( ) p
γ 1–
��������� ρu

2

2
����+⎝ ⎠

⎛ ⎞ up+ εϕ.=

p

p
l

���ln γ 1–( ) ρ

ρ l
���ln– y y u–( )

1 u
l

–( )
����������������ln+ εQ,=

ϕ λθ' µuu'+( ), Q gdy
p u y–( )
����������������, ϕ

1

y

∫
8ϕ̂

ρ0a
3

��������, g 8ĝ

ρ0a
2

��������,= = = =

du
dy
����� B u y,( ) εΦ w y,( ),+=
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where

(13а)

Making the substitutions

(14)

in (11), (12), (13), and (13a), we obtain the energy and adiabatic integrals

(11а)

(12а)

Moreover,

(15)

where

(15а)

Specifically, for some k ≥ 1, we have

where  =  – (γ – 1)  +  – 1), and Eq. (13) becomes

(16)

The coefficients of the singular expansion ΠX = (Πw, Πν) are determined from the systems for the zeroth
and kth approximations:

(7а)

(7b)

provided that

  0 as η  –∞,   0 as η  ∞, k = 0, 1, …, (7c)

where

B 2 γ 1–( )∆ 1–
u u/2 y

1– γu y–( ) u/2 y/ γ 1–( )–[ ]–{ },=

∆ γ γ 1+( )u
2

2 γ 1+( )uy– 2y
2
,+=

Φ 4∆ 1–
V u y–( ) 1– γu y–( )2 µu'' g–( ).=

u yU, ρ R, θ y
2Ξ, p y

2
P, E y

2Σ= = = = =

U 1–( ) P/ γ 1–( ) 1
2
��RU

2
+⎝ ⎠

⎛ ⎞ UP+ εϕ/y
2
,=

)

P/P
l( )ln γ 1–( ) R/R

l( )ln– 1 U–( )/ 1 U
l

–( )[ ]ln 4 yln+ + εQ=

RΣ PU/ 1 U–( ) εϕ/y
2

U 1–( ), Σ+ Ξ
γ 1–
��������� 1

2
��U

2
,+= =

)

ϕ λ yΞ'' 2Ξ'+( ) µU yU ' U+( ), ϕ+ yϕ,= =

g γ 1–( ) λ y
2Ξ'' 5yΞ' 4Ξ+ +( ) µ yU ' U+( )

2
U yU ' U+( )+[ ]+{ },=

Q gdy

y
3
RΞ U 1–( )

�������������������������, R U P, ,( )y 1=

1

y

∫ R
l

U
l

P
l, ,( ) Rk

l
Uk

l
Pk

l, ,( )εk
.

k 0=

∑= = =

))

)

)

)

γU0 1–( )Pk/ γ 1–( ) 1
2
�� U0 1–( )U0

2
Rk

γ
γ 1–
���������P0

1
2
��R0 3U0 2–( )U0+ Uk+ + ϕk 1– /y

2
,=

)

Pk/P0 γ 1–( )Rk/R0– Uk/ U0 1–( )+ Qk 1– Lk
l
,+=

Lk
l

Pk
l
/P0

l
Rk

l
/R0

l
Uk

l
/(U0

ydU
dy
������ Ψ U( ) εΦ U y,( ), U y 1=+ U

l
, 0 y 1,< <= =

Ψ U( ) 2U 2 γU–( ) γU 1–( )
∆0

����������������������������������������, Φ U y,( ) 4 γU 1–( )2

y∆0R U 1–( ) µ yU( )'' g–( )[ ]
�������������������������������������������������������,= =

∆0 γ γ 1+( )U
2

2 γ 1+( )U– 2.+=

)

dΠ0w

dη
����������� Π0F,

dΠ0ν
dη

����������� 0,= =

dΠkw

dη
����������� ΠkF,

dΠkν
dη

����������� Πk 1– f= =

Πk
–

X Πk
+

X

Π0F F w0 1( ) Π0w+ ν0 1( ) 1 0, , ,( ) F w0 1( ) ν0 1( ) 1 0, , ,( ),–=

ΠkF Fw η( )Πkw Fν η( )Πkν ΠFk η( ).+ +=
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Here, ΠFk(η) is the power form of the kth degree with respect to Πiw(η) and Πiν(η) for i = 0, 1, …, k – 1,
and the elements of the matrices Fw(η) and Fν(η) are calculated at the point ( (1) + Π0w(η), (1), 1, 0) (a
similar expression holds for Πk f).

Moreover, the matching conditions imply

(8b)

and

(16а)

The values  are determined from the Rankine–Hugoniot conditions of the zeroth (10) and kth order

. (10а)

Thus, (16) gives initial data, while ( , , ) are determined in (15a).

Substituting (5) into (4c) produces the relations

(17)

where

Equating the coefficients of like powers of ε in (17), we obtain

(17а)

(17b)

………………………………………………………………

(17c)

(18)

where the functions  are determined in terms of  for j = 0, 1, …, k – 1.

3. SUBSTANTIATION OF THE ALGORITHM FOR CONSTRUCTING THE ASYMPTOTICS

1. First, we construct the zero approximation, specifically, the degenerate solution (y) to
problem (3), (4).

Obviously, for y > 1 (ahead of the shock front), system (6a) with the right end condition (3b) =

w0 = (1, 0),  = 1 yields

(19)

Moreover, from system (7a) with conditions (7c), we have Π0ν ≡ 0. Therefore, by virtue of (8a) and (18),

(19а)

w0 ν0

Xk
l Πk

–
X η 0=+ Xk

r Πk
+

X η 0= , Xk
l

+ Xk 1 0–( ), Xk
r

Xk 1 0+( ),= = =

Πk
±ν Πk 1–

±
f η, νk

l
d

η

∞±

∫– Πk 1– f η.d

∞–

+∞

∫–= =

wk
l

Fw 1( )wk
l

wk 1–'l
Fν 1( )νk

l
– RkF 1( )–=

ρk
l

uk
l

pk
l

ρE( )kεk
y

k 0=

∑ yd

0

∞

∫ ε Πk ρE( )εk
1 εη+( )

k 0=

∑ ηd

1/ε–

∞

∫+ E
0
,=

ρE( )k ρiEk i– , Πk ρE( )
k 0=

∑ ΠiρΠk i– E, E0

k 0=

∑ 0.= = =

E
0 ρ0E0y y,d

0

1

∫=

0 ρE( )1y yd

0

1

∫ Π0 ρE( ) η,d

∞–

∞

∫+=

0 ρE( )ky yd

0

1

∫ Πk 1– ρE( ) ηd

∞–

∞

∫ Πk 2– ρE( )η η, kd

∞–

∞

∫+ + 1 2 … n,, , ,= =

ρE( )k u0pk ukp0+( )/ y u0–( ) ϕk 1– / u0 y–( ),+=

ϕk 1– wj

X0

w0 y ∞→

q0/y y ∞→

X0 w0 ν0,( ), w0 w0
r

1 0,( ), ν0 y 0,( ).= = = =

ν0
l

1 0,( ).=
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The Rankine–Hugoniot conditions (10) in expanded form with (19) taken into account become

(20)

These equation give ( , ) = (h, 2h/(γ + 1)) and h = (γ – 1)/(γ + 1), which are the values on the left of
the discontinuity at the point y = 1. Moreover,

(20а)

The values on the right of the discontinuity are ( , ) = (1, 0).

On the interval 0 < y < 1, the functions (y) are determined from system (6a) with the conditions

(20b)

The solution to problem (6a), (20b) is well known (see [1, 3, 4]). In variables (14), it satisfies the energy
and adiabatic integrals

(11b)

(12b)

whence

(20c)

The function  = 1 –  is determined from Eq. (16) at ε = 0:

(21)

with the initial condition

(21а)

The solution to problem (21), (21a) is implicitly determined from

where χ(U) = U–1/2(1/γ – U)–1/2(U – 1/2γ)(γ – 1)/2γ and χ( )/χ'( ) = Ψ( ).

Clearly, it is necessary, following [3], to introduce the parameter σ = , which varies on the inter�
val [(γ + 1)/2γ, 1] in view of (20a).

Now, following [3, 4], the degenerate solution (y) on the interval 0 ≤ y ≤ 1 can be written in the para�
metric form

(22)

Moreover, it follows from (22) that

  0,   as y  0, (22а)

–V0
l θ0

l

V0
l

����– 1+ 0, 1
2
�� V0

l
1–( ) 1

γ 1–
���������θ0

l
– 0.= =

V0
l θ0

l

ρ0
l 1

h
��, u0

l
p0

l 2
γ 1+
��������� .= = =

V0
r θ0

r

X0

ν0 y 1= ν0
l

1 0,( ).= =

U0 1–( ) Ξ0

γ 1–
���������

U0

2

2
�����+⎝ ⎠

⎛ ⎞ U0Ξ0+ 0,=

P0

P0
l

����ln γ 1–( ) R0

R0
l

�����ln– 1 U0–( )

1 U0
l

–( )
����������������ln 4 yln+ + 0,=

P0
γ 1–( )R0U0

2
1 U0–( )

2 γU0 1–( )
����������������������������������������, R0

4 γ 1–( )γ 1– γU0 1–( )

γ 1+( )γ 1+
1 U0–( )

2
U

2
�������������������������������������������

1/ 2 γ–( )

y
4/ γ 2–( )

.= =

U0 Q0/R0

ydU0

dy
������� Ψ U0( )=

U y 1= U0
l 2

γ 1+
���������,= =

y χ U0( )/χ U0
l( ),=

U0 U0 U0

U0/U0
l
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y σ( ) 1

σ
������ 2γ

γ 1–
��������� σ γ 1+

2γ
���������–⎝ ⎠

⎛ ⎞
γ 1–( )/2γ

γ γ 1+
γ

��������� σ–⎝ ⎠
⎛ ⎞

1/2–

, u0 σ( ) y σ( ) 2σ
γ 1+
���������,= =

ρ0 σ( ) 2γ
γ 1–
��������� σ γ 1+

2γ
���������–⎝ ⎠

⎛ ⎞
1/γ 2

γ 1–
��������� γ 1+

2
��������� σ–⎝ ⎠

⎛ ⎞
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⎛ ⎞

2/ 2 γ–( )
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2
��������� σ–⎝ ⎠

⎛ ⎞
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⎛ ⎞
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⎛ ⎞
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(22b)

Specifically, this implies that

for

and

  ∞,   ∞ as y  0.

To determine the character of the degenerate solution for 0 ≤ y ≤ 1, we find, in view of (3a), the eigenvalues
of the matrix

(23)

Consider the characteristic equation | (y) – ΛE | = 0:

(23a)

where

(23b)

It follows that Λ1, 2 = . Since ∆ > 0 for 0 < y ≤ 1, we have conditional stability (see

[7]): Λ1(y) < 0, Λ2(y) > 0, and  = ∞.

Using (40) and (4a), we have

(23c)

(23d)

where

For Tikhonov system (4) in variables (ρ, p),

.

Therefore, the eigenvalues Λ1 and Λ2 of matrix (23) are invariant under transformations (40) for the degen�
erate solution and at singular points.

Combining (17a) with (18) and (20c) yields

q0 σ( ) 2
γ 1+
���������ρ0 σ( )y σ( ) γ 1+

2
��������� σ–⎝ ⎠

⎛ ⎞ ,=

r0 σ( ) 2σ 1 σ–( )
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��������������������ρ0 σ( )y
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2
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2γ

���������–⎝ ⎠
⎛ ⎞

1–

.=

∆0 2y
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γ 1+
���������σ2

2σ– 1+⎝ ⎠
⎛ ⎞ 0>= γ 1+

2γ
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V0 y( ) θ0 y( )
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µq0

������� –q0
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�������–
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λ
��������–
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λ γ 1–( )
����������������–⎝ ⎠

⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎛ ⎞

.=

Fw

µλΛ2
LΛ– ∆– 0,=
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q0ρ0∆0
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���������������������������������.= =

1
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2
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L
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⎜ ⎟
⎛ ⎞
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⎛ ⎞+

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎛ ⎞
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y( )Φ0 y( ), T0 y( ) T z0 y( )( ).= = =
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1–
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E
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0
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∫
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where

.

Thus, a is given by the formula

(24)

where J satisfies, according to [4], the estimate

Now, we determine the zeroth approximation of the singular part of the expansion. The associated system
corresponding to (7a) has the form

(25)

The singular points ( , ) and ( , ) of system (25) are a saddle and an unstable node. They are
joined by the separatrix θ = ϕ(V).

System (25) is supplemented by the initial conditions

(25а)

where the parameter  is to be determined (this will be done in the course of constructing the first
approximation). Moreover,

The corresponding variational system has the form

(26)

At the singular point (V r, θr), the Jacobian of the right�hand side of (25) has the eigenvalues Λ1 = –1/µand
Λ2 = –1/(γ – 1)λ. Therefore, this point is a stable node.

At the singular point (V l, θl).

Therefore, it is a saddle. It is well known (see [1]) that these singular points are joined by an unstable sep�
aratrix θ = ϕ(V) passing through the domain Ω = {(V, θ) : M > 0, N < 0}. Consequently, for h ≤ V < 1, we
have on the separatrix

The corresponding boundary functions satisfy the estimates

(27)

where Π0V = V – h, and Π0θ = θ – θl for –∞ < η < 0, and Π0V = V – 1 and Π0θ = θ for 0 < η < ∞.
The following lemmas are easy to prove.
Lemma 1. The solution to system (26) with the initial data

(27а)
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8
���������
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3
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��������������, J J0y

3
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0
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∫
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��������= = =

a
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������⎝ ⎠

⎛ ⎞
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⎛ ⎞
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����� 1

2
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satisfies the limiting relation  = (0, 0) and has the estimates

(27b)

Lemma 2. The solution  = ( , ) of the system

(28)

where | fm(η)|, |gm(η)| ≤ Ceση, –∞ < η < 0; and (V, θ) solves problem (25), (25a) for  = , can be rep�
resented as

(28а)

where  is a solution to problem (26), (27a); Vm is an arbitrary constant; and Wm is a particular solution to
system (28) that satisfies the estimate

(19b)

Remark 1. (a) W ' = C0 , where W ' = Wη and C0 = Vη |η = 0 = µ–1M(V0, θ0). In (28a)  can be replaced
by W ', since Vm is arbitrary.

(b) For y0 = 1 – a0ε, i.e., for η = –a0 and sufficiently large a0, the point (V0, ϕ(V0)) on the separatrix

belongs to an arbitrarily small neighborhood of the saddle ( , ). Moreover, the corresponding unstable
linear initial manifold of system (28) is defined by the equation

where

   = , bm  0 as V0  

(c) An associated system in the variables ρ and p is derived from (25) by making substitution (40). Lem�
mas 1 and 2 and all the subsequent conclusions remain similar for this system. In the variables (ρ, p), the
associated system and the boundary functions look somewhat more complicated.

Thus, the zeroth asymptotic expansion is not completely determined at the first step, since the param�

eter  remains undetermined.

2. Now we construct and substantiate the first and kth approximations of the asymptotics. Obviously,

for the regular expansion,  = … =  ≡ 0 for y > 1. On the interval (0, 1), we find a regular approximation

, while  is a solution to the initial value problem for the linear equation

(29)

The solution to homogeneous equation (29) has the form  = , while the solution to
the inhomogeneous equation is

(29а)

Expressions (11a) and (12a) yield the energy and adiabatic integrals

(11c)
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(12c)

Let us estimate the boundary functions and discuss some of their properties.
Combining (7b) with (16a), we obtain, for 0 < η < ∞, the system

(30+)

where

and, for –∞ < η < 0, the system

(30–)

where

Applying Lemmas 1 and 2 gives

(31)

where, according to (28b), we have the estimates (see [7])

(32)

while  are determined from system (30–) with the initial condition

(33)

Lemma 3. The following estimates hold:

(34)

where

Proof. Estimates (34) are easy to derive by applying estimates (27), (27b), and (28b) and Lemmas 1 and
2 to systems (30) and taking into account (31) and (32).

In view of (31), we obtain the following formulas for the derivatives at k = 0:

(35а)
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(35b)

and, for k ≥ 1,

(36)

where , , and  are determined in terms of indices smaller than k.

Now we determine the parameters , …, .

From formula (16a), we find that

(37)

where

and and  are determined in terms of indices smaller than k.

The kth�order Rankine–Hugoniot conditions (10a) yield the system

(37а)

where  = (1),  = (1), and  and  are determined in terms of indices smaller than k.

Now, combining (37) and (37a) produces

(38)

where , , , and  are determined in terms of indices smaller than k,  = h–1ψ0,  = hψ0,

ψ0 = (γ + 1) (1) + (1),

Simple transformations in (11c) and (12c) with (20c) taken into account give
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where
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Substituting (38a) into this relation, we obtain

where

The parameter  is determined using (17c), which, in variables (14), has the form

(39)

Combining (38) with (38b) and setting

where

we find that

(39а)

Here,

For k = 1, Eq. (39) becomes

Combining this relation with (39a) yields

(39b)

where

Taking into account (35a) and (35b), we consider the derivative of (39b):
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Thus, applying Lemmas 1–3 and taking into account Remark 1 gives the following expression for the
derivative:

Noting that

we obtain

(40)

where Γ( ) =  + (γ2 + 3γ + 1)  – (7γ + 6)  + 3.

For k > 1, similarly, using (39a) and (36), we find from (39) that

(40а)

where (γ2 – 1)  will be denoted by I(γ).

Lemma 4. Let

(41)

Then Eqs. (17b) and (17c) have a unique solution.

Proof. Integrating Eq. (40) with respect to  with the first equation in (25) taken into account, we

obtain the linear equation Q( ) = (I(γ) + 1)η + Q0. Its unique solvability follows from (41). Thus, we

determine the parameter  = . Similarly, under condition (41), Eq. (40a) (and, hence, Eq. (17c)) is

uniquely solvable and we determine the parameters  =  for k = 1, 2, …, n.

3. Let us estimate the residual for system (4). For this purpose, consider the partial sums
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where Xn = (Zn, Vn), Zn = (ρn, Pn), and Vn = (qn, rn).
Substituting them into problems (4) and (4b) yields a problem with residuals:

(43)

(43а)
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Lemma 5. The following estimates for the residuals hold: 
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Proof. Estimates (44) and (44a) are derived in the same manner as in [7, Section 15].
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4. SUBSTANTIATION OF THE ASYMPTOTICS

We substantiate the asymptotics for the boundary value problem in the variables (ρ, p), i.e., for problem
(4), (4b), (4c), since its degenerate solution is bounded with respect to ρ and p on the half�line 0 ≤ y < ∞.

While substantiating the asymptotics, following [7, Section 15; 8], we prove the existence and unique�
ness of a solution to problem (4), (4b), (4c).

For the deviations ζ = z – Zn, ρ = ρ – ρn, ϑ = ν – Vn, and ϑ = (q, r), the system has the form

(45)

where

 

and the nonlinear terms satisfy the following properties:

(i)  ≤ cεn + 1,  ≤ c[  + ];

(ii) for any δ > 0, there are constants β(δ) and ε0 = ε0(δ) such that, if ||ξ1|| ≤ β, ||ξ2|| ≤ β, ||ϑ1|| ≤ β, ||ϑ2|| ≤ β,
and 0 < ε ≤ ε0, then

Considering system (45) on the interval (α, y0), where y0 is defined in Remark 1 and α is arbitrarily small,
we apply the transformation

(46)

to obtain the system

(46а)

where ρ is determined by (46).
System (46a) is supplemented by the boundary conditions

(46b)

The proof sketch for the existence and uniqueness of a solution to problem (46a), (46b) on the interval (α,
y0) is as follows.

Problem (46a), (46b) is reduced to a system of integral equations, which, after some transformations
with the use of the resolvent, is reduced to

(47)

where the operators , , and  = ( , ) have the following properties:

(i) , ,  ≤ ;
(ii) for any δ > 0, there are constants β(δ), ε0 = ε0(δ), and A such that

εdζ
dy
����� Fz y,( )ζ Fν y( )ϑ H ζ ϑ y ε, , ,( ),+ +=

dq
dy
����� –1

y
��q 2ρ ω1, dr

dy
����–+ f0 ρ q y, ,( ) ω2,–= =

f0
y ρ ρn+( ) q qn+( )–[ ]2

y ρ ρn+( )
���������������������������������������������–

yρn qn–( )2

yρn

���������������������,+= ρEy yd

0

∞

∫ ϖ+ E
0
,=

H 0 0 y ε, , ,( ) ω1 ω2, εn 1+ εn
e

κ 1 y–( )/ε–

H ξ1 ϑ1 y ε, , ,( ) H ξ2 ϑ2 y ε, , ,( )– δ ξ1 ξ2– ϑ1 ϑ2–+( ).≤

ζ B0 y( ) ξ
χ⎝ ⎠

⎛ ⎞ Fz
1–

y( )Fν y( )ϑ,–=

εdξ
dy
����� Λ1ξ R ξ χ q r y ε, , , , ,( ), εdχ

dy
�����+ Λ2χ S ξ χ q r y ε, , , , ,( ),+= =

dq
dy
����� –1

y
��q 2ρ ω1, dr

dy
����–+ f0 ρ q y, ,( ) ω2,–= =

ξ α( ) 0, χ y0( ) 0, q α( ) 0, r α( ) 0.= = = =

ξ 1
ε
�� 1

ε
�� Λ1 τ( ) τd

s

y

∫ R ξ χ ϑ s ε, , , ,( )exp sd

α

y

∫ R̂ ξ χ ϑ s ε, , , ,( ),≡=

χ –1
ε
�� 1

ε
�� Λ2 τ( ) τd

s

y

∫ S ξ χ ϑ s ε, , , ,( )exp sd

y

y0

∫ Ŝ ξ χ ϑ s ε, , , ,( ),≡=

q Q̂1 ξ χ ϑ s ε, , , ,( ), r Q̂2 ξ χ ϑ s ε, , , ,( ),= =

R̂ Ŝ Q̂ Q̂1 Q̂2

R̂ 0 0 0 y ε, , , ,( ) Ŝ 0 0 0 y ε, , , ,( ) Q̂ 0 0 0 y ε, , , ,( ) Cεn 1+

Ẑ ξ χ̃ ϑ̃ s ε, , , ,( ) Z ξ χ ϑ s ε, , , ,( )– δ ξ̃ ξ– χ̃ χ– ϑ̃ ϑ–+ +[ ]
0 1,[ ]

max ,≤
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if || ||, || ||, || ||, ||ξ ||, ||χ||, ||ϑ|| ≤ β, 0 < ε ≤ ε0; and  = ( , , ).
Following [7, 8], we apply the method of successive approximations to system (47) to prove the exist�

ence and uniqueness of a solution to system (47) and, simultaneously, we prove the estimates

(48)
On the interval (y0, ∞), the solution is first extended to the interval (y0, 1), where estimates (48) remain
valid, since, after switching to η, the system regularly depends on ε for –a0 < η < 0. Then the resulting
solution is extended to the half�line (0, ∞), where Theorem 3.1 from [7] holds in view of the solution
behavior at infinity (see [10]). Next, the solution extends to the interval (0, α). Finally, the desired solution
is the limit of the constructed solution in C(0, ∞) as α  0. Since the desired solution is smooth, it also
satisfies the symmetry condition = 0.

Theorem. Let condition (41) be satisfied. Then, in the neighborhood of the degenerate solution, problem
(4), (4b) has a solution satisfying condition (4c) with an O(εn + 1) residual such that, for sufficiently small ε,

where C is independent of ε and n is arbitrary.
Remark 2. Condition (41) was checked numerically for various values of γ. It was found that (41) holds

for γ ≤ 3.1 and for γ ≥ 3.2.
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INTRODUCTION

Boundary value problems for loaded differential equations arise in the study of soil moisture motion,
in the heat conduction theory (see [1–4]), and in the quality control of water resources (see [5, p. 26]).
Numerical methods for loaded differential equations were addressed, for example, in [5–7].

In this paper, we numerically solve the third boundary value problem for a loaded heat equation in
a p�dimensional parallelepiped.

1. STATEMENT OF THE PROBLEM

In the cylinder QT = G × [0 < t ≤ T], whose bottom is the p�dimensional rectangular parallelepiped G
= {x = {x1, ,…, xp) : 0 < xα < lα, α = 1, 2, …, p} with the boundary Γ, we consider the problem

(1)

(2)

(3)

where

 is a fixed point in the interval (0, lα); and c0, c1, and c2 are positive constants.

The numerical solution of third boundary value problems for the heat equation and a hyperbolic equa�
tion was considered in [8]. Below, we numerically solve problem (1)–(3).

Let us introduce a uniform spatial grid in each direction Oxα with the mesh size hα, hα = lα/Nα, α = 1,
2, …, p,

∂u/∂t Lu f x t,( ), x t,( ) QT,∈+=

kα x t,( ) ∂u
∂xα

������� β α– x t,( )u x t,( ) µ α– x t,( ), xα– 0,= =

kα x t,( ) ∂u
∂xα

�������– β+α x t,( )u x t,( ) µ+α x t,( ), xα– lα,= =

u x 0,( ) u0 x( ), x G,∈=

Lu Lαu, Lαu
α 1=

p

∑
∂

∂xα

������� kα x t,( ) ∂u
∂xα

�������⎝ ⎠
⎛ ⎞ qα x t,( )u x1 … xα 1– xα

° xα 1+ … xp t, , , , , , ,( ),–= =

kα x t,( ) c0 0, qα x t,( ) c1, β α– x t,( ) β+α x t,( ), c2, α≤ ≤>≥ 1 2 … p,, , ,=

xα°

ω ωα, ωα

α 1=

p

∏ xα

iα( )
 = iαhα iα = 0 1 … Nα α = 1 2 … p, , , , , , , ,{ },= =
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Let γ–α denote the left boundary node xα = 0 and γ+α denote the right boundary node xα = lα.

On the interval [0, T], we introduce a uniform grid  = {tj = jτ, j = 0, 1, …, j0} with the time step τ.

Each of the intervals [tj, tj + 1] is divided into p subintervals by the points tj + α/p = tj + , α = 1, 2, …, p – 1.

Denote by ∆α =  a half�open interval, where α = 1, 2, …, p.

Equation (1) is rewritten as

or

On each half�open interval ∆α, α = 1, 2, …, p, we sequentially solve the problems

(4)

(5)

with the conditions (see [9, p. 522])

(6)

Each equation in (4) indexed by α is approximated on the half�open interval  < t ≤  by a two�

level implicit scheme. Applying the well�known technique for improving the order of accuracy of Robin
boundary conditions up to the second with respect to hα (see [9, p. 180]), we obtain the chain of one�
dimensional schemes

(7)

(8)

where

�α

hα, iα 1 2 … Nα 1–, , ,=

hα

2
����, iα 0 Nα,,=

⎩
⎪
⎨
⎪
⎧

=

ωτ

ατ
p

�����

t
j α 1–

p
����������+

t
j α

p
���+

,⎝
⎛

�u ∂u
∂t
����� Lu– f– 0,= =

�αu
α 1=

p

∑ 0, �αu 1
p
��∂u

∂t
����� Lα– u fα, fα

α 1=

p

∑– f.= = =

�αϑ α( )
1
p
��

∂ϑ α( )

∂t
���������� Lαϑ α( )– fα– 0, x G, t ∆α, α∈ ∈ 1 2 … p,, , ,= = =

kα

∂ϑ α( )

∂xα

���������� β α– x t,( )ϑ α( ) µ α– x t,( ), xα– 0,= =

kα

∂ϑ α( )

∂xα

����������– β+α x t,( )ϑ α( ) µ+α x t,( ), xα– lα,= =

ϑ 1( ) x 0,( ) u0x, ϑ 1( ) x tj,( ) ϑ p( ) x tj,( ), j 1 2 … m,, , ,= = =

ϑ α( ) x t
j α 1–

p
����������+

,⎝ ⎠
⎛ ⎞ ϑ α 1–( ) x t

j α 1–
p

����������+
,⎝ ⎠

⎛ ⎞ , α 2 3 … p, j, , , 0 1 … m., , ,= = =

t
j α 1–

p
����������+

t
j α

p
���+

yt
α( ) Λαy

α( ) Φα

j α

p
���+

, α+ 1 p, , x ωh,∈= =

y x 0,( ) u0 x( ),=

Λαy
α( )

Λαy
α( )

aαyxα

α( )( )xα
dαξ yiα0

yiα0
1+,( ), xα– ωhα

∈=

Λα

–
y

α( ) aα

+1α( )
yxα 0,

α( ) β α– y
α( )

–

0.5hα

�������������������������������������� dαξ yiα0

yiα0
1+,( ), xα– γ α–∈=

Λα

+
y

α( ) aα

Nα( )
yxα Nα,

α( )
– β+αy

α( )
–

0.5hα

������������������������������������������� dαξ yiα0

yiα0
1+,( ), xα– γ+α,∈=

⎩
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎧

=
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and

Thus, we have a chain of one�dimensional schemes with nonlocal boundary conditions for each α =
1, 2, …, p.

Since no maximum principle has been established for loaded equations, we obtain a priori estimates by

using the method of energy inequalities. Take the scalar product of Eq. (7) and y(α) = :

(9)

where

Each sum in (9) is rearranged as follows:

(10)

(11)

(12)

where  = ξ( ).

Summing (11) and (12) over all iβ ≠ iα, where β = 1, 2, …, p, we obtain

(13)

(14)

Substituting (10), (13), and (14) into (9) gives

(15)

Φα

j α

p
���+

ϕα

j α

p
���+

, xα ωhα
∈

µ α–

0.5hα

���������� fα 0, , xα γ+α∈+

µ+α

0.5hα

���������� fα Nα, , xα γ+α,∈+
⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧

=

ξ yiα0

yiα0
1+,( ) yiα0

α( )xα

iα0
1+( )

xα°–
hα

���������������������� yiα0
1+

α( ) xα° xα

iα0
( )

–
hα

������������������, xα

iα0
( )

xα° xα

iα0
1+( )

.≤ ≤+=

y
j α

p
���+

yt
α( )

y
α( ),[ ] Λαy

α( )
y

α( ),[ ]– Φ α( )
y

α( ),[ ],=

u v,[ ] uvH, H
x ω∈

∑ �α, u v,[ ]α
α 1=

p

∏ uiα
viα

�α.

iα 0=

Nα

∑= = =

yt
α( )

y
α( ),[ ] 1

2
�� y

α( )
L2 ωh( )

2

⎝ ⎠
⎜ ⎟
⎛ ⎞

t

τ
2
�� yt

α( )
L2 ωh( )

2

,+=

Λαy
α( )

y
α( ),[ ]α Λαy

α( )
y

α( ),( )α Λα

–
y0

α( )
y0

α( )
�α Λα

+
yNα

α( )
yNα

α( )
�α+ +=

=  – aα yxα

α( )( )
2

,( )
α

diα
ξiα0

y
α( ),[ ]

α
– β α– y0

α( )( )
2

– β+α yNα

α( )( )
2
,–

Φ α( )
y

α( ),[ ]α ϕ α( )
y

α( ),[ ]α µ α– y0
α( ) µ+αyNα

α( )
,+ +=

ξiα0
yiα0

yiα0 1+,

Λαy
α( )

y
α( ),[ ] Λαy

α( )
y

α( )
�α

iα 0=

Nα

∑⎝ ⎠
⎜ ⎟
⎛ ⎞

H/�α

iβ iα≠

∑=

=  – [ aα yxα

α( )( )
2
]
α

diα
ξiα0

y
α( ),[ ]

α
β α– y0

α( )( )
2

β+α yNα

α( )( )
2

+ + +,( )H/�α,

iβ iα≠

∑

Φ α( )
y

α( ),[ ] ϕ α( )
y

α( ),[ ]α µ α– y0
α( ) µ+αyNα

α( )
+ +( )H/�α.

iβ iα≠

∑=

1
2
�� y

α( )
L2 ωh( )

2

⎝ ⎠
⎜ ⎟
⎛ ⎞

t

τ
2
�� yt

α( )

L2 ωh( )

2

c0
yxα

α( )

L2 ωh( )

2

diα
ξiα0

y
α( ),[ ] ϕ α( )

y
α( ),[ ]+≤+ +

– β α– y0
α( )( )

2
β+α yNα

α( )( )
2

+( )H/�α

iβ iα≠

∑ µ α– y0
α( ) µ+αyNα

α( )
+( )H/�α.

iβ iα≠

∑+
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Let us estimate the terms on the right�hand side of (15). By the difference analogue of the embedding the�
orem (see [10]), we have

(16)

(17)

where ||· ||C(α) and  denote norms with respect to xα with the other variables being fixed, and

(18)

(19)

Substituting (16)–(19) into (15) and using ε ≤ , we obtain

(20)

where c3 = c3(c0, c1, c2, lα) are known positive constants.

Inequality (20) is summed, first, over α = ,

(21)

diα
ξiα0

y
α( ),[ ] diα

yiα0

α( )xα

iα0
1+( )

xα
°–

hα

���������������������� yiα0
1+

α( ) xα
° xα

iα0
( )

–
hα

������������������+
⎝ ⎠
⎜ ⎟
⎛ ⎞

y
α( )

�α

iα 0=

Nα

∑⎝ ⎠
⎜ ⎟
⎛ ⎞

H/�α

iβ iα≠

∑≤

≤ εc1lα yx
α( )

L2 ωh( )

2

c1lα
1
lα
��� 1

ε
��+⎝ ⎠

⎛ ⎞ y
α( )

L2 ωh( )

2

,+

β α– y0
α( )( )

2
β+α yNα

α( )( )
2

+( )H/�α

iβ iα≠

∑– 2c2
y

α( )

C α( )

2

H/�α

iβ iα≠

∑≤

≤ 2c2 ε yxα

α( )

L2 α( )

2

1
lα
��� 1

ε
��+⎝ ⎠

⎛ ⎞ y
α( )

L2 α( )

2

+
⎝ ⎠
⎜ ⎟
⎛ ⎞

H/�α

iβ iα≠

∑ 2c2ε yx
α( )

L2 ωh( )

2

2c2
1
lα
��� 1

ε
��+⎝ ⎠

⎛ ⎞ y
α( )

L2 ωh( )

2

,+=

· L2 α( )

||yxα
]|L2 ωh( )

2 yxα

α( )

L2 α( )

2

H/�α, yxα

α( )

L2 α( )

2

iβ iα≠

∑ yxα

2
�α,

iα 1=

Nα

∑= =

ϕ α( )
y

α( ),[ ] 1
2
�� ϕ α( )

L2 ωh( )

2

1
2
�� y

α( )

L2 ωh( )

2

,+≤

µ α– y0
α( ) µ+αyNα

α( )
+( )H/�α

iβ iα≠

∑
1
2
�� µ α–

2
tj( ) µ+α

2
tj( )+( )H/�α

iβ iα≠

∑ ε||yxα

α( )

|L2 ωh( )

2 1
lα
��� 1

ε
��+⎝ ⎠

⎛ ⎞ y
α( )

L2 ωh( )

2

.+ +≤

c0

2 1 c1lα+( ) 2c2+
���������������������������������

y
j α

p
���+

L2 ωh( )

2

y
j α 1–

p
����������+

L2 ωh( )

2

–
c0

2
���τ yxα

j α

p
���+

L2 ωh( )

2

c3τ y
j α

p
���+

L2 ωh( )

2

≤+

+ τ
2
�� ϕ

j α

p
���+

L2 ωh( )

2

τ
2
�� µ α–

2
tj( ) µ+α

2
tj( )+( )H/�α,

iβ iα≠

∑+

1 p,

y
j 1+

L2 ωh( )

2

y
j

L2 ωh( )

2

– τ
c0

2
���  yx

j α

p
���+

L2 ωh( )

2

α 1=

p

∑ c3τ y
α( )

L2 ωh( )

2

α 1=

p

∑≤+

+ τ
2
�� ϕ α( )

L2 ωh( )

2

µ α–
2

tj( ) µ+α

2
tj( )+( )H/�α

iβ iα≠

∑+
⎝ ⎠
⎜ ⎟
⎛ ⎞

,

α 1=

p

∑
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and, then, over j ' from 0 to j:

(22)

Inequality (22) yields

(23)

where

Let us show that

where ν1 and ν2 are known positive constants.

Returning to (20), we write

(24)

Summing (24) over α' from 1 to α gives

(25)

Without loss of generality, we assume that

.

Otherwise, inequality (24) is summed until α at which  reaches its maximum. Then (25) can
be rewritten as

(26)

y
j 1+

L2 ωh( )

2 c0

2
��� τ  yx

j ' α

p
���+

L2 ωh( )

2

α 1=

p

∑
j ' 0=

j

∑ y
0

L2 ωh( )

2

c3 τ
j ' 0=

j

∑  y
j ' α

p
���+

L2 ωh( )

2

α 1=

p

∑+≤+

+ 1
2
�� τ ϕ

j ' α

p
���+

L2 ωh( )

2

µ α–
2

tj '( ) µ+α

2
tj '( )+( )H/�α

iβ iα≠

∑+
⎝ ⎠
⎜ ⎟
⎛ ⎞

.

α 1=

p

∑
j ' 0=

j

∑

y
j 1+

L2 ωh( )

2

c3 τ y
j ' α

p
���+

L2 ωh( )

2

F
j
,+

α 1=

p

∑
j ' 0=

j

∑≤

F
j 1

2
�� τ ϕ

j ' α

p
���+

L2 ωh( )

2

µ α–
2

tj '( ) µ+α

2
tj '( )+( )H/�α

iβ iα≠

∑+
⎝ ⎠
⎜ ⎟
⎛ ⎞

α 1=

p

∑
j ' 0=

j

∑ y
0

L2 ωh( )

2

+ .=

y
j α

p
���+

L2 ωh( )

2

1 α p≤ ≤
max ν1 τ y

j ' α

p
���+

L2 ωh( )

2

1 α p≤ ≤
max

j ' 0=
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From (23), we have

Then, for small τ < τ0 ≤ , we find from (26) that

(27)

where ν1 and ν2 are known positive constants.

By introducing the notation gj + 1 = , relation (27) can be rewritten as

(28)

Taking into account inequality (28) and applying Lemma 4 from [11, p. 171], we derive from (22) the a
priori estimate

(29)

which implies the following result.
Theorem 1. The locally one�dimensional scheme (7), (8) is stable with respect to the initial data and the

right�hand side, so that the solution to problem (7), (8) satisfies estimate (29) for any h and τ < τ0. 

2. APPROXIMATION ERROR

Each equation in (7) with index α does not approximate Eq. (1) separately but approximates the equa�
tion �αϑ(α) = 0 in the usual sense. Therefore, the system of difference equations (7) is an additive scheme;
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or

(30)

where

3. CONVERGENCE OF THE LOCALLY ONE�DIMENSIONAL SCHEME

By analogy with [9, p. 528], the solution of (30) is represented as z(α) = v(α) + η(α), z(α) = , where
ηα is determined by the conditions

(31)

This yields η j + 1 = η(p) = η j + τ(  +  + … + ) = η j = η j – 1 = η j – 2 = … = η0 = 0, since η0 = 0.
Then, for η(α), we have
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The solution to problem (32)–(35) is estimated with the help of Theorem 1:

(36)

Since

estimate (36) implies the following result.
Theorem 2. Suppose that problem (1)–(3) has a unique solution u(x, t) that is continuous in QT and there

are continuous (in QT) derivatives

Then scheme (7), (8) converges at the rate O(|h |2 + τ) so that

The grid equations obtained after approximating loaded equations can be conveniently solved by para�
metric tridiagonal Gaussian elimination (see [12, p. 131]).
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1. STATEMENT OF THE PROBLEM

Assume that an unbounded space is filled with an inviscid two�component fluid. For the system to be
in equilibrium in the unperturbed state, it is necessary that the density of the lower layer be higher than
that of the upper layer. The interface between the layers at rest is a plane. Assume that both fluids rotate
uniformly as a whole about an axis perpendicular to the interface of the fluids. Thus, this problem is a gen�
eralization of previously well�studied ones for a semi�infinite fluid excited by moving surface sources. We
introduce a Cartesian coordinate system (x1, x2, x3) tied to the two�layer fluid such that the interface of
fluid components lies in the plane x3 = 0 and the Ox3 axis coincides with the rotation axis of the system.
Then the angular velocity is aligned with the Ox3 axis, and the Coriolis vector has a single nonzero com�
ponent: α = {0, 0, α}, where α is the double frequency of fluid rotation.

We study small two�dimensional fluid motions. It is assumed that all the functions characterizing the
state of the system are independent of x2. To distinguish between two fluid layers, the variables character�
izing the lower and upper fluids are denoted by superscripts (1) and (2), respectively.

The fluid dynamics equations written in the chosen coordinate system in the linear approximation (see
[1, 2]) are

(1.1)

where (x1, x3, t) (j = 1, 2, 3) are the components of fluids particle velocities v(i) = { , , },

p(i)(x1, x3, t) are the pressures, and ρ(i) are the densities of the fluids.
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Note that the second velocity component v2(x1, x3, t) can be eliminated from the system, since it can
be expressed from the second equation in (1.1) in terms of the first component v1(x1, x3, t) by the formula

To make system (1.1) closed, we add boundary and initial conditions. Assume that both fluids are at
rest relative to the rotating coordinate system until the time t = 0. This means that zero initial conditions
are imposed on all the functions.

Let the elevation of the interface above the unperturbed level x3 = 0 be described by x3 = ξ(x1, t). Two
types of boundary conditions are set at the interface: the kinematic conditions

(1.2а)

(1.2b)

and the dynamic condition

(1.2c)

Here, g is the acceleration of gravity and p(x1, x3, t) is the pressure characterizing the effect of the pertur�
bation source on the system.

In addition to the conditions on the internal boundary of the domain, in an unbounded space, the solu�
tion has to satisfy conditions ensuring that the propagating perturbations are bounded as x3  –∞ and
x3  +∞. Their form will be specified later.

We use a method convenient for solving fluid dynamics problems, namely, the system of first�order dif�
ferential equations for several functions is reduced to an initial–boundary value problem for a single scalar
function. Following [1, 2], this function is specified as the stream function ψ(x1, x3, t), which is related to
the components of the two�dimensional velocity v = {v1, v3) by the formula

(1.3)

Recall that, for two�dimensional motions of a rotating fluid, the second velocity component v2(x1, x3, t)
can be found as described above.

For a two�layer fluid, ψ(x1, x3, t) splits into two functions: ψ(1)(x1, x3, t) solves the problem in the lower

half�space  ≡ {(x1, x3) ∈ �
2
 : x3 < 0} and ψ(2)(x1, x3, t) is defined in the upper half�space  ≡ {(x1, x3) ∈ �

2
:

x3 > 0}; i.e., ψ(x1, x3, t) has the form

After standard transformations of system (1.1) similar to those performed in [1–3], we obtain the
fourth�order differential equation

(1.4)

For the physical process in question, the stream function and the functions from vector system (1.1)
satisfy zero initial conditions:

(1.5)

Following [3–6], we assume that the perturbation switched on at t = 0 is a plane periodic wave traveling
along the interface x3 = 0, which is hereafter denoted by Γ. Then the functions characterizing the source
depend on (x1 – ct). As a result, the argument of the right�hand side of the dynamic boundary conditions
for ψ(1)(x1, x3, t) and ψ(2)(x1, x3, t) is specified as

(1.6c)
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where η(t) ∈ [0, +∞), η(0) = η'(0) = 0, ∃T : η(t) ≡ 1 for t > T, the function f(z) ∈ C (2)(�
1
) has a period

of 2π (i.e., ∀a : f(a) = f(a + 2πk), k ∈ Z), and C(t) is the function to be determined.
The kinematic boundary conditions (1.2a) and (1.2b) are transformed into the following relations for

the components of the stream function:

(1.6а)

(1.6b)

To ensure that the solution decreases as x3  –∞ and x3  +∞, the functions ψ(1)(x1, x3, t) and
ψ(2)(x1, x3, t) have to satisfy the conditions

(1.7)

where k = 0, 1, 2; p = 0, 1; j = 1, 3; 0 < δ < 1; and B(t) is a continuous nonnegative function.
The system of conditions for the problem is completed with the requirement that the solution be a peri�

odic function of x1 with the same period 2π as at the perturbation source:

(1.8)

The complete statement of the initial–boundary value problem for ψ(x1, x3, t) is as follows.

Problem A. For t ≥ 0, find functions ψ(1)(x1, x3, t) and ψ(2)(x1, x3, t) that are continuous, together with

their partial derivatives involved in the conditions, in the spaces  and , respectively; 2π�periodic

with respect to x1; and satisfy (in the classical sense) Eqs. (1.4) in the open domains  and , boundary
conditions (1.6), initial conditions (1.5), and regularity condition (1.7) at infinity. Determine C(t) from
boundary conditions (1.6c).

Two remarks have to be made. First, the densities ρ(1) and ρ(2), which distinguish the dynamic proper�
ties of the fluids in the upper and lower layers, are involved only in the boundary conditions but are lacking
in the equations; i.e., ψ(1)(x1, x3, t) and ψ(2)(x1, x3, t) satisfy the same equation. Second, boundary condi�
tions (1.6) involve both unknown functions ψ(1)(x1, x3, t) and ψ(2)(x1, x3, t). Therefore, problem A does not
split into two separate problems in the upper and lower half�spaces for one of these functions.

2. CONSTRUCTION OF THE SOLUTION AND THE PROOF
OF THE EXISTENCE AND UNIQUENESS THEOREMS

Since the solution to problem A is assumed to be periodic in x1 (see (1.8)), following [1–6], we search
for its components ψ(1)(x1, x3, t) and ψ(2)(x1, x3, t) by applying the Fourier method; i.e., the solution is
sought in the form of the series

(2.1)

where (x3, t) are as yet unknown functions defined according to their superscripts in the lower x3 ≤ 0
and upper x3 ≥ 0 half�planes.

Note that, as usual, the variables are dimensionless with the old notation retained.

Problems for (x3, t) are obtained by substituting series (2.1) into Eqs. (1.4), initial conditions (1.5),
and regularity conditions (1.7). (The validity of the term�by�term differentiation of the series involved will

be justified later.) As a result, we obtain a countable number of problems for (x3, t):
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Note that the solutions to two problems with n = 0 are immediately found, since the equations and all
the corresponding conditions are satisfied only by the functions

(2.2)

The solutions to the problems with n ≠ 0 are found using standard methods (see [3–6]), namely, by
applying the Laplace transform with respect to t and solving the corresponding differential equation for

the Laplace transform (x3, p) with boundedness conditions at infinity. As a result, we obtain the func�
tions

where (p) are the p�dependent constants from the general solution.

Substituting these expressions into the Laplace transforms of kinematic boundary conditions (1.6), we

see that (p) = (p).

This equality is very important, since establishes the relation between the Laplace transforms of the

harmonics (x1, x3, p) and (x1, x3, p) of the solution to problem A in the upper and lower half�
spaces.

Taking into account (p) = (p) and using the Laplace transforms of dynamic boundary condi�
tions (1.6c), we obtain the Laplace transforms of the terms of series (2.1):

(2.3)

Here and below, the argument x with no index denotes the collection of x1 and x3.

Note that the functions φn(p) used to express (p) are directly related to the Laplace transform of the
right�hand side of boundary conditions (1.6c).

The solution to problem A in the original variables (x1, x3, t) was complicated by the fact that it did not
split into two separate problems for ψ(1)(x, t) and ψ(2)(x, t) in the upper and lower half�spaces. An advan�
tage of the transition to Laplace transforms is that this difficulty can now be overcome. Therefore, it can
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This assertion can be verified in the course of constructing the solution to problem A in the lower half�
space.

Based on Remark 1, we give a detailed argument only for the fluid in , i.e., for ψ(1)(x, t).

Expression (2.3) for (x, p) is transformed into a form such that the inverse Laplace transforms can
be performed by applying the properties of Laplace transforms and look�up tables (see [7]). Following [1–

6], this can be achieved using the integral representation of (x, p):

(2.4)

Here, Q = .

For further computations, we need the roots of the polynomial in the first square brackets in the
denominator of the first term in (2.4). The root lying in the lower half�plane Imµ < 0 is denoted by
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(2.6)

To complete the construction of the solution in �, we have to specify the functions φn(t) in (2.6). As
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are the Fourier coefficients. According to the smoothness conditions imposed on f(z), series (2.7) con�
verges uniformly to this function and its coefficients fn in (2.7)' satisfy the condition

(2.7)''

Substituting the Fourier series expansion (2.7) of f(x1 – ct) into the right�hand side of (1.6c) and the

solution ψ(1)(x, t) to problem A in  constructed in the form of series (2.1) with terms (2.6) into the left�
hand side of (1.6c), after setting x3 = 0 on the left�hand side, we obtain

from which we find the unknown functions φn(t) with n ≠ 0 and determine C(t) from boundary condi�
tions (1.6c):

(2.8)

Thus, the solution to problem A in  has the form

(2.9)

According to Remark 1, the solution ψ(2)(x, t) to problem A in  can be obtained without performing
computations from formula (2.9) for ψ(1)(x, t) by reversing the sign of the expressions containing x3 in the
exponent in the second terms:

Note that the model of a two�layer rotating fluid differs from the model in [3] for a single rotating fluid
occupying the lower half�space with a free upper boundary. Specifically, in the present problem, perturba�
tions propagate not only in the lower half�space but also in the upper one filled with a lower density fluid
rotating at the same angular velocity. For the fluid in the lower half�space, the source of perturbations in
two problems is identical: a plane wave traveling along its surface. Therefore, we can expect that setting
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tions propagating in a rotating homogeneous fluid with a free upper boundary. Setting ρ(2) in (2.9) equal
to zero and comparing the result with the solution to the problem in [3], we find that the difference is that
the denominator of the fractions in (2.9) involves the constant value ρ(1). This is explained by the fact that
f(x1 – ct) also differs from its analogue in the problem in [3] by the same multiplier in the denominator.
Thus, our conjecture is true.

Note that the derivation of formula (2.9) involves the term�by�term differentiation of series (2.1). This
operation has to be justified. For this purpose, we prove the following result.

Theorem 1. Problem A has a solution that is given by (2.9) and (2.9)'.

Proof. An analysis of the differences between the components of the solution to problem A in the lower
and upper half�spaces (see (2.9) and (2.9)') shows that it suffices to prove the theorem for either ψ(1)(x, t)

or ψ(2)(x, t). We do it for the solution ψ(1)(x, t) to problem A in  Consider an analogue of series (2.9) in

which the terms (x, t) are given by (2.7) with as yet unspecified functions φn(t).

Consider the series consisting of the first terms (x, t) of the harmonics (x, t) representable as

(x, t) = (x, t) + (x, t), i.e., the series u(1)(x, t) = (x, t). For the integral with respect to

µ in (x, t), we introduce the function

Such integrals can be evaluated using the contour integration method (see [7]), according to which the
values of the integral and its partial derivatives with respect to x3 and t are determined by the residues at
the singular points of the integrand lying in the complex plane domain to which this function is analytically
continued. For the lower half�plane Imµ < 0, these are the points µ1 = –i and µ2 = µ– (indicated in (2.5)). Note
that they do not coincide when α ≠ 0. The function In(x3, t) then satisfies the estimate

(2.10)

where k, p = 0, 1, 2, …, and (ε1, 2) are positive constants with ε1, 2 > 0.

The terms of the series (x, t) are written using In(x3, t) as

Since the functions φn(t) are related to f(z) and η(t) by formula (2.8), they belong to the same smooth�

ness class (φn(t) ∈ [0, +∞)) and satisfy the estimate |φn(t)| ≤ || fn||. These properties of φn(t) and
estimate (2.10) imply the uniform convergence of the series with the terms

in . This substantiates the term�by�term differentiation of u(1)(x, t) = (x, t). Additionally, we

have proved that ψ(1)(x, t), together with its partial derivatives, as many as indicated in the statement of

problem A, is continuous in .
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Consider the second terms (x, t) of the harmonics (x, t) in (2.6). The integrals they involve are
proper. Their integrands are estimated taking into account the coefficient multiplying each integral:

where Ccr is independent of n.

The properties of φn(t) imply that ψ(1)(x, t) corresponding to the series w(1)(x, t) = (x, t) also

satisfies the requirements of the definition of a classical solution to problem A. Therefore, like u(1)(x, t),

the series w(1)(x, t) can be differentiated term by term in .

We do not need to verify whether the solution ψ(1)(x, t) to problem A in  satisfies the equation and
the boundary and initial conditions, since expression (2.9) was not presented in an explicit form but rather
was directly constructed.

The theorem is proved.
Let us discuss the uniqueness of a solution to problem A. We prove this for functions possessing the fol�

lowing properties: in any doubly connected domain consisting of two closed subdomains ,  and ,
where

(here, a, b, and ε are positive constants), the functions have continuous partial derivatives (x, t),

where k = 0, 1, 2; p = 0, 1, 2; and j = 1, 3. We say that these functions belong to the class D.
Theorem 2. Problem A has a unique solution in the smoothness class D. 
Proof. Following [1–6], we prove the theorem by the energy method. Specifically, the solutions ψ(1)(x, t) and

ψ(2)(x, t) in  and  are substituted in turn into Eq. (1.4); the resulting identities are multiplied by

(x, t) and (x, t), respectively; and the resulting equalities for (x, t) and

(x, t) are integrated over some domains Q– and Q+, respectively. For the fluid in the lower half�
space, we obtain

By using the Ostrogradsky–Gauss formula for a two�dimensional domain and vector analysis formu�
las, this equation is reduced to

(2.11)

Here, Γ– is the boundary of Ω– and Nxt denotes the differential operator
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Ox1 and Ox3 axes, respectively.
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Following [3–6], the domain Ω– is specified as a rectangle of width 2π:

As a result, we can use the periodicity of solution (1.8). The contour integral on the right�hand side of

(2.11) is written along the components of Γ–, namely, along the sides of :

Since ψ(1)(x, t) is a periodic function of x1 (see (1.8)), we conclude that the integrand in the first integral

along the lateral sides x1 = 2πk and x1 = 2π(k + 1) of  vanishes. For the integrand of the middle inte�

gral along the lower base of , regularity conditions (1.7) as x3  –∞ imply the estimate

Passage to the limit as ε  0 and a  +∞ in (2.11) transforms the rectangle  into the semi�
infinite strip

in , in which the following limiting version of (2.11) holds:

(2.12)

Equation (1.4) is integrated with respect to spatial variables in , and, next,  is stretched into

the semi�infinite strip . Following the same line of reasoning as before, we obtain

(2.13)

Similar results can be derived for the fluid in the upper half�space . Specifically, for the semi�infi�
nite strip

we have

(2.12)'

and

(2.13)'
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Since the integrals in the pairs of formulas (2.12), (2.12)' and (2.13), (2.13)' are evaluated over identical
integration domains, adding (2.12) to (2.12)' and (2.13) to (2.13)' yields, in the strip

two equalities

(2.12)''

(2.13)''

Assume that problem A has two different solutions ψa(x, t) and ψb(x, t) that correspond to two different
functions Ca(t) and Cb(t) in the boundary conditions. Consider the difference between these solutions

(x, t) = ψa(x, t) – ψb(x, t). Since the problem is linear, this function satisfies the homogeneous equations
and the conditions in problem A, but, for (x, t), we have to retain only the difference between Ca(t) and
Cb(t) on the right�hand side of (1.6c):

(1.6c)

The function (x, t) belongs to the class D as the difference of two solutions to problem A. Therefore,
formulas (2.12)" and (2.13)" hold for it. By using boundary conditions (1.6c)', the integrand in (2.13)" is
replaced with an equivalent expression

Integrating this and taking into account periodicity condition (1.8), we conclude that Ca(t) ≡ Cb(t).

Consider the right�hand side of formula (2.12)" for (x, t). At the interface of the fluids, due to kine�
matic conditions (1.6b), we have

By using condition (1.6c)' and taking into account that Ca(t) and Cb(t) coincides identically, the right�
hand side of (2.12)" is rewritten as

While integrating the inner integral by parts, we take into account that the solution is a periodic function
of x1 and move the remaining expression to the left�hand side to obtain

Let us analyze the result. All five terms on the right�hand side are nonnegative. Therefore, their sum

vanishes only if each of them is zero. This means that  = 0,  = 0,  = 0, and  = 0 in the

and , respectively, and  =  = 0 at the interface.
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Since  and  are regular as x3  –∞ and x3  +∞, we find from (1.7) that (x, t) ≡ 0 in the

vertical strip . Since the number k is arbitrary and the entire space can be treated as the union of an

infinite countable number of such strips, we conclude that (x, t) ≡ 0 everywhere in the solution domain
of the problem for (x, t). Therefore, ψa(x, t) coincides with ψb(x, t) and problem A cannot have two dif�
ferent solutions in the class D.

The theorem is proved.

3. LONG�TIME ASYMPTOTICS OF THE SOLUTION

Although the resulting analytical solution (2.9), (2.9)' to problem A is of interest, it has a rather com�
plex structure, which prevents the qualitative understanding of processes proceeding in the two�compo�
nent fluid. For this reason, following [3–6], we study the asymptotics of the series ψ(1)(x, t), ψ(2)(x, t) as
t  ∞, which make it possible to describe the wave pattern developing in the upper and lower fluids at
long times.

For this purpose, the function characterizing the perturbation source in conditions (1.6c) is repre�
sented as the sum of two functions:

Since problem A is linear, it can be split into two similar initial–boundary value problems with different
inhomogeneous right�hand sides in (1.6c). In the first problem, the moving source is described by the
function f(x1 – ct)σ(t). This mathematical model is interpreted as follows: since σ(t) vanishes after com�
pleting the transient period T, the external force does not affect the system starting at this time. The prob�
lem with a compactly supported boundary function of this type is referred to as problem Aσ, and the index
σ appears in all the components of the solution to problem Aσ.

In the dynamic boundary condition of the second problem, the function η(t) associated with the tran�
sient regime is formally replaced by 1. This problem models a process with an infinitely long periodic
external force affecting the system. It is referred to as problem A1, and all the components of its solution
are denoted by superscript 1.

According to the superposition principle, the solution to problem A is the sum of the solutions to prob�
lems Aσ and A1.

The study of the asymptotics of the solution is begun with problem Aσ. According to formula (2.8) for

φn(t), the solution ψ(1), σ(x, t) to this problem in  is obtained from (2.9) by replacing the factor η(t) in
the integrand with σ(t). Moreover, since σ(τ) in the integrands is compactly supported, the variable upper
limit of integration t can be replaced with the constant T.

The modifications made in series (2.9) in order to transform it into the solution ψ(1), σ(x, t) to problem

Aσ do not change the structure of its terms. Therefore, each harmonic (x, t) is again the sum of two

terms: (x, t) ≡ (x, t) + (x, t).

Let us analyze the series consisting of the first components (x, t):

(3.1)

To apply the standard methods used to estimate such series (see [1–6]), the variable of integration

in the inner integral is changed to ξ = αµ/ . The range of the old variable µ—the entire real axis
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(–∞, ∞)—is then mapped for ξ into the finite interval [–α, α] of the real axis, and each harmonic (x, t)
in (3.1) splits into two terms of the same structure:

(3.2)

Since their structure is identical, it suffices to study the asymptotics of only the series formed by the first
terms (3.2). Let the inner integral be denoted by

.

We have the obvious estimate

(3.3)

By using Hn(ξ),the first term (x, t) can be written in the form

Taking into account inequality (3.3), the integrand for (x, t) is estimated as follows:

(3.4)

Taking into account the properties (2.7)" of the Fourier coefficients fn of f(x1 – ct) (see (2.7)'), we conclude
that the series Σn ≠ 0hn(x, ξ) = h(x, ξ) is absolutely converging. Moreover, its sum h(x, ξ) is integrable with
respect to ξ on the interval [–α, α] for fixed x1 and x3. Additionally, we can write the chain of inequalities

Combining this with (2.7)", we conclude the convergence of series (3.1).
The argument above implies that the order of integration and summation in (3.1) can be changed (see,

e.g., [1]). For the series consisting of (x, t), the result of this operation is

For h(x, ξ) possessing the properties described above, the asymptotics of this integral as t  ∞ is well

known (see, e.g., [8]), namely, for every x ∈ , the integral tends to zero. The same is true of the series

consisting of the second terms (x, t). Thus, the contribution of the series ψ(1), σ(x, t) to the solution

(x, t) of problem Aσ tends to zero at long times:
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Since the first terms in the members of series (2.9) and (2.9)' are identical, the same is true for the solu�

tion ψ(2), σ(x, t) to problem A in .

Now, we examine the series composed of the second terms (x, t) of the harmonics (x, t):

(3.6)

The terms of series (3.6) contain only proper integrals and satisfy the estimate

Taking into account the properties of the Fourier coefficients fn in (2.7)", we conclude that series (3.6)
converges absolutely and uniformly to a continuous function w(1), σ(x, t), but the asymptotics for the sum
of the series w(1), σ(x, t) as t  ∞ are not constructed.

Let us interpret the process corresponding to the series w(1)(x, t) = (x, t), which consists of the

second terms of the harmonics in (2.9); i.e., we interpret the solution ψ(1)(x, t) to the original problem A
with dynamic boundary condition (1.6c) without assuming a compact support in time.

By analogy with the study of perturbations propagating in a two�layer stratified fluid (see [4]) and a uni�
formly rotating free�surface fluid (see [3]), we can expect that the wave motion of the fluid described by
this series is localized near the interface of the layers in the two�component rotating fluid. According to
[3], if there is no rotation in the model of a single homogeneous free�surface fluid, the harmonics of arising
perturbations damp exponentially as they propagate deep into the fluid and a nontrivial process is observed
only in a thin upper layer near the excited surface, a phenomenon known as surface waves.

In the model of a two�layer fluid, the effect of rotation is described by terms involving the double fre�
quency α of fluid rotation. Therefore, a model of a two�layer unstratified fluid without rotation can be
obtained by setting α = 0 in the original problem. The solution to the corresponding initial–boundary
value problem was constructed in [4] and has the form

(3.7)

The harmonics of series (3.7) depend exponentially on x3 (exp(|n |x3)), which suggests that the lower
component of the nonrotating two�layer fluid does not contain waves propagating at infinity. In other
words, the process represents oscillations similar to surface waves, which damp quickly with depth.

Returning to problem A in , we discuss the series consisting of the second terms (x, t) in
(2.9). It is easy to see that setting α = 0 gives a series exactly coinciding with (3.7). This support the

hypothesis that the series (x, t) describes wave motions of the fluid concentrated near the excited

boundary between the fluids. Specifically, this conclusion is also true for the series w(1), σ(x, t) =

(x, t) in the solution to problem Aσ.

Let us construct asymptotics of the solution to problem A1 with dynamic boundary conditions involving

f(x1 – ct). According to formula (2.8) for φn(t), the terms of the series ψ(1), 1(x, t) = (x, t) are
obtained from (2.6) by replacing φn(τ) with  fnexp(–incτ). This means that, in contrast to the solution of
problem Aσ, the integrands in the integrals with respect to τ lack a multiplier involving the unspecified

function η(τ). Therefore, both integrals in (x, t) can be directly evaluated.
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Each harmonic (x, t) of the solution to problem A1 is decomposed into the sum of two terms:

(x, t) ≡ (x, t) + (x, t). The study of the asymptotics starts with the series of first

terms:

After evaluating the inner integral, each harmonic (x, t) splits into the sum of three improper inte�

grals:

(3.8)

Let us analyze (3.8), excluding the cases when |nc | = α for integers n. The first integral (x, t) has

the simplest structure, since the singular points of its integrand (four simple poles) are easy to determine.
The point µ– in (2.5) always lies in the lower half�plane Imµ < 0. Two singular points corresponding to the
roots of the second square brackets in the denominator µ2 – n2c2(α2 – n2c2)–1 lie on the real axis if 0 < |nc| < α.

Then the integral in (x, t) is calculated by summing the residues at both poles. For |nc | > α, the residue

only at one of the purely imaginary roots of the expression µ0 = –i |n |c(n2c2 – α2)–1/2 lying in the domain

Imµ < 0 contributes to the integral in (x, t). First, assume that this root does not coincide with µ–. As

a result, we obtain two values of (x, t):
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or

(3.9b)

Since the structures of (x, t) and (x, t) in (3.8) are similar, we study their asymptotics simulta�

neously. First, we change the variable of integration to ξ = αµ/  (as was done in the study of prob�

lem Aσ). As a result, (x, t) and (x, t) become

where the upper sign in ± corresponds to (x, t), and the lower sign, to (x, t).

Note that the integrals with respect to the new variable ξ have the same structure as their analogues in

[3–6]. For this reason, the asymptotics of the series (x, t) are analyzed following the scheme

used in [3–6].

For the common part of the integrand in two integrals, we introduce the notation

This integrand is continuous in the interval (–α, α). By taking into account the expressions for (x, t)

and (x, t), it is rewritten in the compact form

(3.10)

Now, it is clear that whether or not the integrand has singular points in the integration domain [–α, α]
is determined by the relation between |nc | and α. Note that the same condition separates two values of

(x, t).

For harmonics with |nc | > α, the expressions ξ ± nc do not vanish on the interval [–α, α] and the inte�
grands in (3.10) satisfy the estimates
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For this solution component, using the same argument as in analyzing the asymptotics of (x, t)

in problem Aσ, we see that

(3.11)

Therefore, the contribution to the asymptotics, as t  ∞, of the solution ψ(1), 1(x, t) to problem A1 with

a constantly acting source of perturbations from small fluid motions described by (x, t) is zero.

For a finite number of remaining harmonics with small indices such that |nc | < α, the roots of ξ ± nc

(i.e., the points ξ0 = ) lie in the integration interval [–α, α] of (x, t), (x, t) and ξ0 = –nc.
Therefore, the singular points ξ0 = nc and ξ0 = –nc, respectively, appear in the integrands.

For n at which (x, t) and (x, t) become improper integrals, their asymptotics are constructed
using Lebesgue’s lemma (see, e.g., [1]), according to which integrals of the form

satisfy the limiting relation  = q(x, ξ0).

The lemma yields the following limiting values of (x, t) for |nc | < α:

(3.12)
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(3.13)

where g(x, t) tends to zero as t  ∞.

Note that both components of these expressions are present in formula (3.9b) for the precise value of

(x, t) in the case of |nc | < α.
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Now, we discuss the series consisting of the second terms of the harmonics (x, t) in the solution

to problem A1. Evaluating the proper integrals involved gives explicit expressions for (x, t):

(3.14)

Note that the exponent in the first term in (x, t) coincides with that of the first component of

(x, t) in (3.9). Moreover, this term is involved in the formulas for (x, t) for both |nc| > α and |nc| < α.
The case of |nc | = α leads to resonance and has to be analyzed separately. By using simple algebra, the

coefficient multiplying the exponential in (x, t) can be reduced to a form that coincides (up to the

sign) with the coefficient of (x, t).

For three cases of relations between α and nc and the sign of n, summing the contributions to the
asymptotics made by the solutions to problems Aσ and A1, (see (3.5), (3.6), (3.9), and (3.11)–(3.14)) and
collecting like terms, we obtain the basic formula for the asymptotics of the solution ψ(1)(x, t) to problem

A in  as t  ∞:
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Let us analyze the form of the asymptotics for the second part of the solution to problem A, i.e., for

ψ(2)(x, t) defined in . The general structure of the expression remains the same, but the following mod�
ifications appear, which are noted in Remark 1. In the terms of the first series, the plus sign before the sec�
ond term in the exponent is replaced with a minus. Indeed, only this form of the series satisfies the regu�
larity condition as x3  +∞. Similar changes in the sign of the coefficients of x3 are made in the expo�
nents in the terms of the second and last series in (3.15). In the partial sums of the third and fourth terms
of the asymptotics of ψ(1)(x, t), the signs are changed not only before the terms with x3 in the exponent but
also in the second brackets in the denominators of the coefficients multiplying them.

4. DISCUSSION OF THE RESULTS

Below, we interpret the constructed asymptotics of the solution to problem A with a special emphasis

on the processes observed in . Note that formula (3.15) is the sum of three series (first, second, and
fifth terms) and two partial sums (the third and fourth terms). The terms of the first four components in
(3.15) depend on t as exp(�int), where the subscript n in ωn is the index of a series term and ωn is naturally
interpreted as the frequency of the nth harmonic in the solution. Note that ωn has no superscript, since
the asymptotics ψ(2)(x, t) of the solution to problem A in the upper fluid layer involves the same coefficients
ωn in the exponents before the terms with t; i.e., the set of frequencies is the same for the solutions to prob�

lem A in  and .

The analysis of the asymptotics of the solution to problem A begins with the first and fifth series in

(3.15). Recall that they are formed of the series with the terms (x, t) (see (3.14)) and (x, t) (see

(3.6)). It was shown above that these series of the second terms of the solutions to problems A1 and Aσ

describe oscillations localized near the interface of the fluids.
Consider the first series in (3.15) separately. The oscillation frequencies of its terms are given by a com�

plicated function of n, namely, ωn = , which differs from the set of frequen�

cies of the perturbation source  = nc. Note that the denominators of the series coefficients also involve
ωn and may vanish for some integers n = n0, in which case formula (3.15) formally makes no sense. The
asymptotics of such harmonics have to be calculated separately, i.e., according to a scheme other than that
used above.

The harmonics with such indices satisfy

(4.1)

For these n0, the second terms in the solution to problem A1 are

Evaluating the integrals involved, we have

If ρ(1), ρ(2), α, and c are such that (4.1) holds for some integer n0 and if the spectrum of f(z) contains
the frequency  = n0c, i.e., the Fourier coefficient  ≠ 0 is nonzero, then the solution to problem A

contains a harmonic whose amplitude increases linearly with time. It is called a resonance harmonic.

Note that this term in the first series in (3.15) depends on x3 in  as exp[ ]; i.e., its abso�
lute value decreases rapidly as the distance from the interface increases. Note that the same resonance har�
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monic is present in , and its amplitude decreases away from the source according to the same law

exp[– ]. Therefore, in a two�component fluid, the resonance phenomenon corresponding to
the first series in (3.15) is observed only near the interface.

Note that, in the mathematical model of perturbations propagating in a single rotating or stratified
free�surface fluid occupying the lower half�space (see [3, 5]), the analogue of a resonance harmonic is a
surface wave. Moreover, since Q < 1, the resonance frequency in the lower component of a two�layer fluid
is higher than that in a one�layer rotating fluid with all other things being equal.

A comparison of the wave pattern with that observed in a stratified two�component fluid [4] reveals
resemblance of the resonance effects localized near the interface, but the resonance harmonics in a strat�
ified fluid are determined by the buoyancy frequency of each fluid.

Finally, let us compare the resonance phenomenon with that observed in a nonrotating two�layer fluid.
As was mentioned earlier, the resonant frequency is determined by formally setting α equal to zero. More�
over, according to formula (4.1), the frequency of the resonance harmonic for a stationary fluid is lower
than that for a uniformly rotating system.

Note that no unbounded amplitude growth as t  ∞ is observed in reality. The presence of such series
terms in the asymptotics of the solution suggests that the mathematical model of the phenomenon in ques�
tion is incomplete. Specifically, the fluid viscosity, which smoothes the resonance phenomena, is ignored
in the model.

Consider the last series in (3.15). It is easy to see that it is formed in the course of solving problem Aσ.
Therefore, the integrand of its terms contains the unspecified function σ(τ) = η(t) – 1, which prevents the

evaluation of the integrals. However, by using trigonometric formulas, the terms of the last series (x, t)
can be transformed so that their dependence on t is explicitly given:

The values of the remaining integrals are independent of t. As before, the coefficients of t in the arguments
of the trigonometric functions multiplying the integrals are interpreted as the frequencies of the nth har�

monics. Moreover, their values ωn =  are the same as for the first series in
(3.15); i.e., the frequency spectra of the first and last series of the asymptotics in (3.15) coincide.

Now, we discuss three middle terms of the asymptotics of the solution to problem A in . As was

noted above, they are formed from the first terms (x, t) of the harmonics (x, t). Recall the struc�
ture of the solution to the problem of perturbations propagating in a homogeneous uniformly rotating
fluid occupying the upper half�space with a solid bottom along which a source of perturbations moves [6].
Since there is no free surface, the solution to the problem in [6] consists of various types of internal gyro�
scopic waves. Comparing the general form of the solution ψ(1)(x, t) to the given problem in (2.9) with its
analogue in [6], we see that the solution to the problem for a single rotating fluid consists only of series

similar to u(1), 1(x, t) and u(1), σ(x, t) with no harmonics of the form (x, t) and (x, t). This sup�
ports the interpretation of two extreme series in (3.15) as analogues of surface waves and suggests that the
contribution of three middle terms to the asymptotics of the solution to problem A corresponds to purely
internal gyroscopic waves in the fluid.
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A characteristic feature of the harmonics describing internal waves in a half� space is that they are
divided into two classes. The first contains an infinite number of harmonics forming a series whose terms
decrease exponentially away from the boundary with a source of perturbations moving along it. This is
explained by the fact that the expressions with x3 involved in the exponent in such harmonics take real neg�

ative values. This part of the asymptotics of the solution to problem A in  is represented by the series
from the second term in (3.15). Note that the denominator of its terms depends on n in such a manner
that a certain combination of the parameters for some integer n = n0 can lead to this expression vanishing,
in which case formula (3.15) becomes invalid. Importantly, these terms of the series have the same index
n = n0 as that for which (4.1) becomes an equality; i.e., they correspond to resonance harmonics among
the surface waves.

To avoid the contradiction that the asymptotics of the solution cannot be determined by formula (3.15)
at such n = n0, we note that the second series in (3.15) is related to the contribution made to the integral

(x, t) by the residue of its integrand at the point µ0 = –i |n0 |c(  – α2)–1/2, which is a simple pole. It

can be shown that, if |nc | > α and (4.1) holds for some integer n0, the roots µ0 and µ– of the denominator

in the integrand of (x, t) in (3.8) coincides. Therefore, the integrand has one second�order pole rather
than two simple poles in the half�plane Imµ < 0. The integral evaluated with the help of residue theory
turns out to be zero.

According to mathematical computations, the contribution to the resonance effect for the harmonic

(x, t) = (x, t) + (x, t) is determined not by the first term (x, t), which describes inter�

nal gyroscopic waves in the lower half�space, but rather by the second component (x, t), which cor�

responds to a process localized near the interface of the fluids. A similar interpretation of the resonance
harmonic was given for the interface of a two�layer stratified fluid [4] and the free surface of a one�layer
rotating fluid [3] excited by a moving source.

The second class of harmonics describing internal fluid motions consists of a finite number of terms
with purely imaginary coefficients of x3 in the exponent. Therefore, their modulus does not vary with x3

increasing in absolute value. They describe waves that originate at the interface and propagate without
damping deep into the fluid in both half�spaces.

In (3.15) they correspond to the partial sums in the third and fourth terms. The frequencies of the cor�
responding harmonics lie in the interval 0 < |nc | < α, which coincides with the range of this component of
the asymptotics for a single homogeneous semi�infinite rotating fluid occupying only the upper half�space
(see [6]) or only the lower half�space (see [3]). Therefore, the number of such harmonics is determined by
the angular velocity of the fluid α/2 and by the speed of the source c. This agrees with the fact that, for a
two�component fluid with different densities, the frequency range of this part of the solution is the same
in the upper and lower half�spaces.

Recall that the index n0 of a possible resonance harmonic lies beyond the frequency interval 0 < |nc| < α; i.e.,
the resonance harmonic corresponds to that part of the asymptotics that describes fluid oscillations rapidly
damping with increasing absolute value of x3.

Thus, we have given a physical interpretation for each of the five terms of the asymptotics of the solu�
tion to problem A. However, the explicit analytical solution (2.9) involves a few additional series that do

not contribute to asymptotic formula (3.15), for example, (x, t), which appears in the solution

of problem Aσ. This series describes perturbations propagating deep into the lower fluid layer from a source
affecting the system over the finite time interval [0, T].

Let us discuss in more detail the harmonics (x, t), which correspond to waves propagating in .
Consider a harmonic with a positive index n satisfying 0 < nc < α:
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More briefly, it can be written as (x, t) = Anexp{i[(k(1), x) – ωnt]}, where k(1) is the two�dimensional
wave vector

(4.2)

Note that the wave vector given by (4.2) coincides with that in the problem of perturbations
propagating in a one�component homogeneous free�surface rotating fluid occupying the lower
half�space (see [3]) with only difference in the amplitude of An, which now depends on the densi�
ties of both fluids.

Typically, the last component of the vector k(1), i.e., the expression k3 = n 2c/ is positive;
i.e., the wave vector is oriented so that, from this point of view, the gyroscopic waves propagate from
infinity to the interface of the fluids. It is well known that the wave vector determines the direction of
the phase velocity of a wave, while the direction of its propagation is determined by the group velocity
rather than by the phase velocity (see [1, 2, 9]). The stream function ψ(x, t) was introduced in (1.3)
via the relation to the group velocity. Therefore, the group velocity for the chosen harmonic has the
form

(4.3)

The differentiation of the asymptotics of the solution ψ(1)(x, t)required for deriving formula (4.3) is
valid.

Note that the two�dimensional group velocity is orthogonal to the phase velocity, which is aligned
with k(1). Moreover, the projection of the group velocity onto the Ox3 axis (i.e., its last component)
has a sign opposite to that of the last component of the phase velocity. Therefore, the gyroscopic

waves in  diverge from the perturbation source, which is a wave traveling along the surface of the
fluid. The same pattern, which agrees with the laws of physics, is observed for internal gyroscopic

waves developing in .

A similar mutual orientation of the phase and group velocities of internal waves is a characteristic fea�
ture for perturbations originating at the interface of half�spaces filled with rotating or stratified fluids (see
[1–6]).

To conclude the study of the problem, we note that the wave pattern developing in a two�layer rotating
fluid at long times is generally similar to that observed in a two�layer stratified fluid excited by a similar
source moving along the interface [4]. In a stratified fluid, however, the wave patterns in the upper and

lower layers differ to a higher degree. This is explained by the fact that the solutions for  and  in [4]
satisfy different equations, while the stream function equation in the model of a rotating fluid is the same
in the entire space.

As a further step, it is of interest to analyze perturbations propagating in a two�layer stratified fluid that
rotates uniformly about an axis aligned with the direction of stratification.
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INTRODUCTION

The numerical solution of the Boltzmann kinetic equation with an exact or model collision integral is
a major technique for analyzing unsteady rarefied gas flows in a wide range of Knudsen and Mach
numbers. To this day, solution methods for this equation have been well developed for multidimen�
sional problems with relatively simple geometry on structured meshes (see, for example, [1–3]).
However, in domains of complex geometry, these methods are rather laborious, primarily, because of
the difficulties related to the construction of meshes in physical space and the organization of com�
putations on multiblock meshes.

The use of high�order accurate finite�volume methods on unstructured meshes in physical space seems
the natural approach to simplifying the numerical solution of multidimensional problems. Although these
methods are widely applied to numerical simulation in gas dynamics, they are little used to solve kinetic
equations. Apparently, the only exception is [4], where a numerical method based on Cartesian unstruc�
tured meshes was developed for the Boltzmann equation with an exact collision integral.

The basic goal of this study is to develop a high�order accurate numerical method for solving the Bolt�
zmann equation with the S�model collision integral (see [5, 6]), which applies to the computation of two�
dimensional rarefied gas flows in arbitrarily shaped domains in a wide range of Knudsen numbers. The
method consists of two components: an upwind TVD scheme of high order in space for discretizing the
advection operator on hybrid unstructured meshes and a procedure for computing macroscopic gas
parameters. As examples, the method is applied to a number of two�dimensional external and internal
problems.

1. GOVERNING EQUATIONS

The description of two�dimensional rarefied gas flows is based on the Boltzmann kinetic equation for
the molecular velocity distribution function f with the S�model collision integral (see [5, 6]). For plane
flows, the distribution function depends on time t, spatial coordinates (x, y) = (x1, x2), and three compo�
nents of the molecular velocity ξ = (ξ1, ξ2, ξ3) = (ξx, ξy, ξz). Let n0 and T0 be some characteristic values of
the density and temperature, and L be the characteristic length scale of the problem. To change to dimen�
sionless variables, we use the following reference values of the spatial coordinates (x, y), time t, veloc�
ity (ux, uy), density n, temperature T, viscosity µ, heat flux (qx, qy), and distribution function f, respec�
tively:

L, L/ 2RT0, 2RT0, n0, T0,

5
16
����mn0 2πRT0λ0, mn0 2RT0( )3/2

, n0 2RT0( ) 3/2–
.
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Here, m is the molecular mass and λ0 is the mean free path corresponding to n0 and T0. In what follows,
the dimensionless variables are denoted by the same letters as the corresponding dimensional variables.
Following [7], we reduce the dimension of the problem by proceeding from f to a pair of functions ϕ = (ϕ1,
ϕ2)

T according to the formulas

In dimensionless variables, the S�model kinetic equation for ϕ becomes

(1.1)

where the right�hand side (model collision integral) is given by the formulas

(1.2)

Here, Kn = λ0/L is the Knudsen number. The macroscopic gas parameters involved in the model collision
integral are expressed in terms of ϕ in the form of integrals with respect to the molecular velocity:

(1.3)

We consider boundary conditions of four types: specular reflection from the surface of the body; diffuse
reflection from the surface of the moving body with the accommodation coefficient α; a supersonic
incoming flow with given constant macroscopic parameters n

∞
, T

∞
, ux, ∞, uy, ∞; and a nonreflecting bound�

ary condition (outlet flow).

Denote by nb the outward unit normal to the surface of the body, and let ξ = (ξx, ξy) and ξn = (ξ, nb).
The specular reflection boundary condition for molecules moving inside the computational domain (ξn < 0) is
written as

(1.4)

where ξ' is the velocity of the reflected molecules. For the diffuse reflection boundary condition in
the case of a surface moving at the velocity u = (uw, vw), the distribution function of reflected mole�
cules is

(1.5)

The density nw and the temperature Tw of reflected molecules are found from the impermeability condi�
tion and the energy balance for the gas in its interaction with the wall:

(1.6)

ϕ 1 ξz
2,( )

T
f ξz.d∫=

∂ϕ
∂t
����� ξx

∂ϕ
∂x
�����– ξy

∂ϕ
∂y
�����– ν ϕ

+
ϕ–( ),+=

ϕ1
+ ϕM 1 ∆ c1

2
c2

2
2–+( )+[ ], ϕ2

+ 1
2
��TϕM 1 ∆ c1

2
c2

2
1–+( )+[ ],= =

ϕM n πT( ) 1–
c1

2
– c2

2
–( ), ∆exp 4

5
�� 1 Pr–( ) S1c1 S2c2+( ),= =

vi ξi ui, ci–
vi

T
������, Si

2qi

nT
3/2

����������, ν 8

5 π
��������nT

µ
����� 1

Kn
������ .= = = =

n nux nuy, ,( ) 1 ξx ξy, ,( )ϕ1 ξxd ξy,d

∞–

∞

∫
∞–

∞

∫=

3
2
��nT n ux

2
uy

2
+( )+ ξx

2 ξy
2

+( )ϕ1 ϕ2+[ ] ξxd ξy,d

∞–

∞

∫
∞–

∞

∫=

qx qy,( ) 1
2
�� vx vy,( ) vx

2
vy

2
+( )ϕ1 ϕ2+[ ] ξxd ξy.d

∞–

∞

∫
∞–

∞

∫=

ϕw ξ( ) ϕ ξ'( ), ξ' ξ 2ξnnb,–= =

ϕw
nw

πTw

��������
1

1
2
��Tw⎝ ⎠

⎜ ⎟
⎜ ⎟
⎛ ⎞

ξx uw–( )2 ξy vw–( )2
+
Tw

��������������������������������������������–⎝ ⎠
⎛ ⎞ .exp=

nw 2 π
Tw

�����Ni, Tw αwTs 1 αw–( )
Ei

Ni

����,+= =



COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 49  No. 7  2009

NUMERICAL METHOD FOR COMPUTING TWO�DIMENSIONAL 1199

where Ts is the dimensionless temperature of the surface and Ni and Ei are the mass and energy fluxes of
incident molecules given by the expressions

(1.7)

The accommodation coefficient αw varies in the range 0 ≤ αw ≤ 1. Here, αw = 1 corresponds to complete
temperature accommodation (Tw = Ts), while, at αw = 0, the total energy flux through the surface is zero
(heat�insulated surface).

The boundary conditions of the third and fourth types are used to solve external flow problems. Denote
by nout the outer unit normal to the boundary of the computational domain. For the boundary condition
of the third type for molecules moving inside the computational domain ((ξ, nout) < 0), we have an unper�
turbed flow with given parameters n

∞
, T

∞
, and (ux, uy)∞:

For the boundary condition of the fourth type for molecules moving from within the computational
domain ((ξ, nout) > 0), we use the Maxwellian distribution function

Other types of boundary conditions (evaporation/condensation, radiation) are possible, but they are
not considered in this paper.

2. GENERAL FORMULATION OF THE NUMERICAL METHOD

In the physical variables x = (x1, x2) = (x, y), we introduce a mesh consisting of polygons (cells) Ei. Each
cell is determined by L(i) vertices with coordinates x(l) = (x(l), y(l)), l = 1, 2, …, L(i), x(L(i) + 1) ≡ x(1). The cell
area is denoted by |Ei |. In this paper, we consider meshes consisting of triangular (L(i) = 3) and quadrilat�
eral (L(i) = 4) cells. To compute macroscopic gas parameters, improper integrals (1.3) in the space of
molecular velocities (ξx, ξy) are replaced by proper integrals over the square domain |ξx |, |ξy | ≤ ξ0. We intro�
duce a uniform rectangular mesh in ξx and ξy with nodes ξ

α
 and cell size ∆ξ. For a given node ξ

α
, the finite�

volume scheme for kinetic equation (1.1) in the cell Ei is written as

(2.1)

The cell�averaged value (t) and the numerical flux Φiαl through the side l of Ei are given by the
formulas

(2.2)

where n = (nx, ny) is the outward unit normal to l and ξn = (ξ
α
, n). To compute numerical fluxes, the dis�

tribution function values on the cell sides are determined from the known averaged values . The use of
a piecewise constant approximation of the distribution function inside each cell leads to Godunov’s
scheme [8] written on an unstructured mesh. In [9] a piecewise linear reconstruction with slope limiters
based on the minimum derivative principle [10, 11] was used. In this paper, we use second� and higher
order accurate quasi�monotone piecewise polynomial reconstructions of the distribution function in a
local coordinate system. The slope limiter is specified as in [12].

To complete the description of the numerical method, we have to specify the following parts of the
numerical algorithm: the method used to construct a piecewise polynomial approximation of the distri�
bution function; the method used to compute numerical fluxes across cell sides to a prescribed order of
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accuracy taking into account the boundary conditions; the method used to compute macroscopic gas
parameters from known values  with the mass, momentum, and total energy conservation laws satis�
fied; and a time differencing method.

3. RECONSTRUCTION ON AN UNSTRUCTURED MESH

For simplicity, the formulas below are written for a scalar function ϕ(x, y) independent of ξ. In
computations, the resulting expressions are used for each component . The dependence on t is
dropped since the reconstruction procedure is executed at a fixed time corresponding to a step in the
time integration method. In what follows, the global spatial index i is omitted and a local indexing of
cells with the index m is used. In this case, the cell Ei has the index 0. The reconstruction problem is
formulated as follows: construct a polynomial p(x, y) of a given order r such that its cell�averaged
value is equal to :

(3.1)

For smooth solutions, p(x, y) must approximate ϕ inside E0 to the (r + 1)th order of accuracy. The poly�
nomial is conveniently constructed in a local coordinate system  = ( , ) (see [13]), which is specified
by the linear transformation

The reconstruction stencil is obtained by recursively adding all the direct neighbors Em of the cell E0 and
all the neighbors of the cells already added to the stencil. Cells are added until the required number of cells
М is reached in the stencil. The reconstruction stencil in the local coordinate system is obtained by apply�

ing the inverse mapping  = (x) and consists of the cells , m = 0, 1, …, M. Figure 1 shows the recon�
struction stencil in the (a) global and (b) local coordinate systems for a second�order accurate scheme in
space.

In the local coordinate system , the reconstruction polynomial p( , ) is written as

(3.2)
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where the basis functions {ek}, k = 1, 2, …, are given by the formulas

(3.3)

The number К of unknown degrees of freedom αk is related to the degree r of the polynomial by the for�

mula K = (r + 1)(r + 2) – 1. Note that conservativeness condition (3.1) for the reconstruction holds

identically due to the choice of the basis functions in the form of (3.3). The unknown degrees of freedom

αk are determined by assuming that, for each cell  in the stencil, the mean value of p is equal to the

mean value of the solution :

(3.4)

Obviously, no less than К equations of type (3.4) are required to determine К unknown degrees of free�
doms. Moreover, the use of the minimum number of cells in the stencil (M ≡ K) leads to an unstable
scheme [13, 14]. We set M = (1.5 … 2) × K. The resulting overdetermined system of equations for αk is
solved by the weighted least squares method [15].

To suppress the spurious oscillations in domains of rapid variations in the distribution function, we use
a limiter of the coefficients of the polynomial ψ. This is equivalent to αk replaced by the modified degrees

of freedom  = ψαk. Then (3.2) is rewritten as

(3.5)

In this paper, ψ is computed using the technique described in [12], which is a modification of the method
in [14] (see also [16]).

Below, we need the mean values of the distribution function  along each side l. Using the expression

for p( , ) yields

(3.6)

where  is the side length of the transformed cell . The mean values of  for each side l are
preliminarily found for each cell and are stored in the course of the computations.

4. COMPUTATION OF NUMERICAL FLUXES 
AND THE COLLISION INTEGRAL

Numerical fluxes (2.2) are computed as follows. First, for each cell Ei and all ξ
α
 in the velocity mesh,

the reconstruction polynomial pi, α(x, y) is constructed by applying the above reconstruction method to

each component of ϕ. Then, for each cell side, the mean values  are calculated by formula (3.6).

Next, for all cell sides adjacent to the rigid boundaries, the macroscopic parameters involved in the dis�
tribution function of reflected molecules for the diffuse reflection boundary condition (1.5) are calculated
by integration with respect to ξ. Again, let n be the outward unit normal to the side l. The mass and energy
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fluxes (1.7) are computed so that the impermeability condition holds identically. For this purpose, nw and
Tw are determined by the formulas

(4.1)

To calculate Φiαl, we have to consider two basic cases. If ξn = ξ
α
 · n ≥ 0 for the side l in the cell Ei, the

flux across the cell side is determined by the simple formula

(4.2)

where |x(l)x(l + 1) | is the cell size in x and y.

The opposite case ξn < 0 is divided into several subcases. If l is adjacent to the side l1 in the neighboring
cell indexed by i1, then the numerical flux across the side is given by a formula similar to (4.2):

(4.3)

When there is no neighboring cell for l, for the second to fourth boundary conditions, the numerical flux
is determined by the formula

(4.4)

where ϕm is a locally Maxwellian function with macroscopic parameters corresponding to the boundary
condition.

For the specular reflection of molecules, the velocity ξ' of reflected molecules is first found by formula

(1.4), in which we set nb ≡ –n. Then the mean value ( ) of the distribution function over the side l

for ξ ≡  is determined by parabolic interpolation with respect to ξ. The numerical flux across the cell
side is given by the formula

(4.5)

Note that it is convenient to interpolate the logarithms of the distribution function rather than its values
so that interpolation is exact for locally Maxwellian functions.

To evaluate the model collision integral on the right�hand side of (2.1), we have to know six macro�
scopic gas parameters, namely, the density, temperature, two velocity components, and heat flux. They are
determined as integrals (1.3) of the distribution function with respect to molecular velocity. Let ω

α
 be the

weights of the composite Simpson rule, which is used to calculate the integrals with respect to molecular
velocity. The direct approximation of (1.3) according to the formulas (with the index i dropped for sim�
plicity)

(4.6)
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leads to a nonconservative numerical method, in which the discrete mass, momentum, and energy con�
servation laws are violated. Then the computation of flows at low Knudsen numbers becomes very diffi�
cult.

To ensure that the method is conservative with respect to the collision integral, the macroscopic gas
parameters are found by solving the system of equations used to construct the model equation (see [17,
18]). Omitting, for simplicity, the index i, we introduce

For a given cell i, the vector of macroscopic values

is determined from the system of equations

, (4.7)

where

System (4.7) is easily solved by Newton’s method:

where M is the Jacobian of system (4.7), which represents discrete sums of the derivatives ϕ+ with respect
to the macroscopic variables w. Values (4.6) are used as an initial approximation. The iterations are exe�
cuted until

The computation of М is a slow part of the solution procedure for system (4.7). In [17, 18], the value
of М was found exactly, which guaranteed the fast convergence of iterations but considerably increased
the computation time. In this paper, the method is simplified by proceeding in the expression for М from
numerical integration to exact one. As a result, М is explicitly expressed in terms of macroscopic gas
parameters:

where r = 4 for the composite Simpson rule. Computations show that the use of the approximate formula
for М hardly affects the convergence of the iterations, but the CPU time is reduced considerably.
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Thus, the right�hand side of scheme (2.1) is completely determined.

5. TIME DIFFERENCING

In this paper, unsteady flows are computed with the use of splitting with respect to physical processes
[19]. In the first�order accurate splitting method, the passage from the time tn to the next time tn + 1 con�
sists of two stages. The first stage corresponds to spatially homogeneous relaxation, and the second stage,
to free�molecular motion.

At the first stage, for 0 ≤ τ ≤ ∆t, solving the equation

(5.1)

with the initial condition

yields an intermediate distribution function value . At the second stage, we solve a homogeneous
equation corresponding to free�molecular motion

(5.2)

with the initial condition

The computation of the free�molecular stage is completed by calculating macroscopic gas parameters.
In the S�model at the relaxation stage described by Eq. (5.1), all the macroscopic gas parameters

(except for the heat flux) and the collision frequency are equal to their values at the time tn. The variation
of heat at the relaxation stage is given by the formula

so that, at the end of the relaxation stage, we have

(5.3)

In view of these relations for macroscopic gas parameters at the relaxation stage, Eq. (5.1) can be ana�
lytically integrated. The distribution function value ϕ* at the end of the relaxation stage is given by formula
(for simplicity, the mesh indices are dropped)

It should be stressed that all the macroscopic parameters in the expressions for ϕ* correspond to tn. At
the end of the relaxation stage, the values of n, u, and T are equal to those at tn, while the heat flux values
are given by formula (5.3). This completes the description of the relaxation stage.

At the free�molecular stage, we use the standard two�step second�order accurate predictor–corrector
method.

The time step is specified by the formula

where di is the diameter of the element Ei. For triangular cells, di is set equal to the diameter of the
inscribed circle, while, for quadrilateral cells, di is specified as the ratio of the cell area to the longest side
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length. Note that ∆t is independent of the Knudsen number, which facilitates the computation of unsteady
flows with Kn � 1.

Note that, in the splitting method described, the free�molecular stage is calculated to second�order
accuracy, while the relaxation stage is calculated exactly. In practice, we used a second�order accurate
splitting method consisting of two relaxation stages with the step size ∆t/2 and one free�molecular stage
with the step size ∆t.

The time�marching computation of steady flows is based on the first�order accurate scheme

(5.4)

The time step is specified by the formula

where the collision frequency ν is defined in (1.2). The resulting method is stable due to the use of a slope
limiter in the reconstruction procedure (see [10, 11]). Convergence can be somewhat accelerated by using
local time steps in (5.4).

6. NUMERICAL EXAMPLES

The numerical method was verified by computing several test problems with the application of the first�

and second�order accurate schemes in space. All the results below were obtained with µ = , which cor�
responds to the hard�sphere intermolecular interaction. The Prandtl number was Pr = 2/3. We also used
schemes of the third and higher orders of accuracy in space. For the test problems considered, the numer�
ical results were comparable in accuracy to those produced by the second�order accurate scheme and, for
this reason, are not presented here. A uniform mesh with ∆ξ ≈ 0.4…0.5 was used for all the computations
in the molecular velocity space.

The first test problem concerns the dispersion of a cylindrical cloud of high pressure and density in the
surrounding space. The initial condition for the distribution function was specified as the locally Max�

ϕi α,

n 1+
ϕi α,

n ∆tL ϕiα
n( ).+=

∆t min Kξ

di
i

min

ξ0

�����������, Kν νi
i

min
⎝ ⎠
⎜ ⎟
⎛ ⎞

, Kξ
1
2
��, Kξ 1,≤ ≤=

T

1.0

0.8

0.6

0.4

0.2

1.00.50

(a)

n

1.00.50

(b)

x

Fig. 2.



1206

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 49  No. 7  2009

TITAREV

wellian function corresponding to a stationary gas with the density and pressure given by the formula (see
[20])

where r = . The resulting rarefied gas flow is independent of z and is described by Eq. (1.1). The
Knudsen number in the problem is a formal parameter that defines the scale of the phenomenon in ques�
tion.

The computational domain in (x, y) was specified as a sector with a central angle of  and 0 ≤ r ≤ 1.
A uniform partition with a given number Nr of nodes was specified on the radial boundaries of the sector.
The computations were performed using the first� and second�order accurate schemes in space on several
refined meshes at Kn = 10–5. The specular reflection condition (1.4) was set on the boundaries of the com�
putational domain. The time differencing scheme was based on the second�order accurate splitting
method with respect to physical processes.

For reasons of space, the results are presented only for the finest mesh with Nr = 200 (4429 triangular
cells). Figure 2 displays the one�dimensional density distributions along the x axis at t = 0.3 for (a) first�
and (b) second�order accurate schemes. The dashed line depicts the solution to the compressible Euler
equations. The gasdynamic solution to the problem consists of a shock wave and a contact discontinuity
that propagate in the unperturbed gas and a rarefaction wave moving to the origin. Both schemes correctly
reproduce all three waves in the solution, but the second�order accurate scheme in space is noticeably
more accurate for the discontinuities and the rarefaction wave. Moreover, the specular reflection condi�
tions used on the boundaries of the computational domain do not lead to artifacts in the numerical solu�
tion.

In the second test problem, we considered the steady monatomic rarefied gas flow between three infi�
nite cylinders. The outer elliptical cylinder is at rest and is specified by the equation

Two rotating circular cylinders of unit radius centered at x = ±3/2, y = 0 are placed inside the outer cylin�
der. The left inner cylinder rotates at the angular velocity Ω1 = 1, while the right cylinder moves at the lower
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angular velocity Ω2 = 0.5. The surface of the outer cylinder is held at the constant temperature Tw = 1, and the
inner cylinders are heated to Tw = 1.5. The diffuse reflection condition with complete accommodation of
the momentum and energy of incident molecules is set on all the surfaces. The resulting rarefied gas flow
is independent of z and is described by Eq. (1.1) with the length scale being the radius of the inner cylinder.

The computations were performed on a mixed�element unstructured mesh. In the near�wall domains,
we used quadrilateral cells with a cell size of ≈0.025 in the normal direction to the surface. Triangular cells
were used in the remaining part of the computational domain. The total number of mesh cells was 3602,
of which 1250 were quadrilaterals (see Fig. 3). A steady�state solution was calculated by time marching
with the help of the first�order accurate scheme (5.4) in time and a second�order accurate scheme in
space.
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Figure 4 shows streamlines for (a) Kn = 1 and (b) Kn = 0.01. As the Knudsen number decreases, the
gas velocity away from the surfaces of the inner cylinders falls rapidly. Two circulation flow regions of dif�
ferent sizes develop near the surface of the ellipse. Figure 5 presents contour lines of temperature at the
same Knudsen numbers. It can be seen that a higher angular velocity of the left cylinder leads to a notice�
ably higher temperature of the gas near it as compared with the right cylinder. As the Knudsen number
decreases, the temperature profile becomes more asymmetric.

In the third test problem, time marching to a steady state was used to compute the supersonic rarefied
plane gas flow over a body of complex geometry. The shape of the body is shown in Fig. 6. The free�stream
values of density and temperature were used as their scales. The length scale was specified by the radius of
the frontal part of the body. In dimensionless variables, the free�stream velocity was U

∞
 = 2 and the incom�

ing flow made an angle of 15° with the x axis. The diffuse reflection condition with complete thermal
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accommodation to the dimensionless surface temperature Tw = 2 was set on the surface of the body, which
was assumed to be homogeneous. In this case, the distribution function is independent of z.

As usual, a finite range of variables (–10 ≤ x ≤ 25, –35 ≤ y ≤ 60) was chosen so that the influence of its
boundaries could be neglected. In the near�wall layer, we used quadrilaterals with a small cell size of about
0.02 in the normal direction to the surface. A triangular mesh was used in the remaining part of the domain
(see Fig. 6). The total number of mesh cells was 8264, of which 1070 were quadrilaterals. A steady�state
solution was constructed by time marching with the help of the first�order accurate scheme (5.4) in time
and a second�order accurate scheme in space.
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Figure 7 shows contour lines of density at Kn = 1 (a), 0.1 (b), and 0.02 (c). Figure 8 illustrates stream�
lines in the gas at the same Knudsen numbers. Overall, the flow pattern is typical of the supersonic flow
past a blunt body. As Kn decreases, a detached shock wave is formed ahead of the body and two regions
with a strong recirculation flow appear in the bottom vacuum region.

7. CONCLUSIONS

A high�order accurate numerical method for the S�model kinetic equation was proposed for solving
two�dimensional unsteady problems in arbitrary multiply connected domains. The method makes use of
hybrid unstructured meshes consisting of triangular and quadrilateral cells. The performance of the
method was demonstrated by solving three test problems: the cylindrical explosion test problem, the
steady flow between rotating bodies, and the steady supersonic flow past a body of complex geometry. In
all the cases, the method proved robust and high accurate.
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INTRODUCTION

The plane Poiseuille flow is a simple model that provides a basis for studying the instabilities of flows
in a channel caused by a pressure gradient. The disturbed flows in channels at high Reynolds numbers can
be described using the asymptotic free interaction theory approach [1–3]. Furthermore, this theory was
successfully used to describe the linear instability of the Poiseuille flow when the Reynolds number tends
to infinity (see [4, 5]). However, only two�dimensional disturbances were considered in these studies. In
this paper, we investigate the three�dimensional wave packets generated by a low�amplitude source.

1. STATEMENT OF THE PROBLEM

Consider the flow of a viscous incompressible fluid driven by a constant pressure gradient g* between
two parallel plates. Define the orthogonal coordinate system placing its origin at the same distance from
the plates and directing the axis x* downstream (so that the equations y* = ±b* describe the plates); the
axis y* is orthogonal to the plates. This flow is described by the classical Poiseuille solution

, (1.1)

where  = g*b*2/(ρ*ν*), ρ* is the density, and ν* is the kinematic viscosity of the fluid.

Assume that the Couette–Poiseuille flow is disturbed by a local inhomogeneity of the flow (for exam�
ple, caused by a wall deformation or by an injection through an opening). We also assume that the char�
acteristic size of the disturbed flow is such that it is described by the triple�deck theory of free interaction
developed for the Poiseuille flow in [4–6]. Then, as the Reynolds number R  ∞(R = g*b*3/(ρ*ν*2),
the flow falls into three typical subdomains—the main core of the flow (where y* ~ b*) and two narrow
near�wall layers with the thickness ∆y* ~ b*R–2/7. Let us consider the flow in each of these subdomains.

Viscous near�wall layers. According to [4–6], the following asymptotic expansions hold in the near�
wall domains (as R  ∞) for the flow functions:

(1.2)

Here, the functions with the subscripts ± corresponding to the upper and the lower layers, respectively,
depend on the dimensionless coordinates x, y

±
, z, and the time t defined as follows:
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2
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The numerical value of the constant parameter a will be determined later.

Substituting (1.2) in the Navier–Stokes equations, we obtain the Prandtl set of equations for the
boundary layer:

(1.3)

However, in distinction from the classical Prandtl statement, the pressure p
±
 is self�induced and is deter�

mined along with the other functions of the flow.

The main core of the flow. In this domain, the main Couette–Poiseuille flow (1.1) is subject to small
perturbations determined by the following asymptotic expansions (see [4–6]):

(1.4)

here, the functions depend on the variables t, x, and y = y*/b*, and U0(y) = (1 – y2) describes the Poi�

seuille flow.

Substituting expansions (1.4), we obtain the set of equations

(1.5)

The integration of the first two equations in (1.5) yields the solution

(1.6)

with the yet unknown function A(t, x, z) that describes the instantaneous displacement of the flow lines in
the main core of the flow. The substitution of solution (1.6) in the third equation in (1.5) allows us to find
the pressure

which can be used to find the pressure difference between the upper and the lower walls:

(1.7)

Finally, we have found the numerical value of the constant a = , which makes it possible

to reduce (1.7) to the canonical form (see [4–6]).
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Matching the asymptotic solutions. Matching asymptotic expansions (1.2) and (1.4) with consider�
ation of (1.6) and (1.7) yields the following boundary conditions (see [4–6]):

(1.8)

If we also set initial conditions and set boundary conditions on the walls, we obtain closed problem (1.3),
(1.8) that enables us to find all the functions of the flow.

2. DISPERSION RELATION

Let us investigate the free oscillations of the flow by setting the homogeneous boundary conditions u
±
 = v

±
=

w
±
 = 0 for y

±
 = 0 and linearizing system (1.3), (1.8) in the small parameter δ  0:

(2.1)

Extracting the harmonic dependence

in the explicit form, we obtain a system of ordinary differential equations that can be reduced to the Airy
equation (see [4–6]). Its solution yields the dispersion relation

(2.2)

which relates the complex frequency ω to the wave numbers (k, m) of the free oscillations of the flow. Here,
Ai(ζ) is the Airy function, which exponentially damps in the sector |argζ| < π/3.

When m = 0, dispersion relation (2.2) coincides with the dispersion relation for the two�dimensional
waves obtained in [5]:

(2.3)

Furthermore, making the change of variable K = k1/7(k2 + m2)3/7, we can reduce (2.2) to form (2.3),
namely, Φ(Ω) = Q0(K); from this, we derive the relation between the frequencies of the three�dimensional
(ω) and two�dimensional (ω0) oscillations:

(2.4)

Thus, the problem on the three�dimensional oscillations is reduced to the well�known problem on the
two�dimensional oscillations (see [5, 7]). It was shown in [5, 7] that dispersion relation (2.3) has a count�
able number of roots ω0, n; among them, only the first root σ0(k) = Reω0, 1(k) > 0 for the values of the wave
number k > k0, ∗ = 1.005 is unstable. The numerical analysis (see [5]) shows that the maximum of σ0(k) is
σmax = 0.937 at k = kmax = 1.74. Since k ≤ K, we have σ(k, m) = Reω1(k, m) ≤ σ0(K); therefore, the plane
wave with (k, m) = (kmax, 0) is the most unstable one. The complete picture of the waves' increment of
growth is shown in Fig. 1a. Note that the isolines are clearly scythe�shaped and bend backwards; due to
this fact, for small k (say, in a neighborhood of k ≈ k0, ∗ ≈ 1), the direct waves (with m = 0) are almost not

growing or even damp, while the oblique waves (with m ≠ 0) can have a considerable increment of growth
σ ≈ 0.5 for m in a neighborhood of m ≈ 1.5. The isolines Imω1(k, m) shown in Fig. 1b also carry important
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information. The normal to an isoline drawn at a point (k, m) shows the direction of the propagation of a
group of waves from a neighborhood of (k, m).

3. WAVE PACKET

Consider disturbances generated by a pulse source. We assume that the source of disturbances is the
injection through an opening in the lower wall. Then, the boundary conditions are

(3.1)u± w± 0, v– δv0 t x z, ,( ), v+ 0 as y± 0.= = = = =
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Assuming that the disturbances are small, we linearize problem (1.3), (1.8), (3.1) in the amplitude param�
eter δ  0 using (2.1); then, we expand the unknown functions (marked by a prime) in the Laplace–
Fourier integrals. For example, the expansion for the function А is

(3.2)

Hence, for the images of the unknown functions, we have a system of differential equations (in Y) that
reduces to solving the Airy equation. Finally, we have

where

For simplicity, we assume that v0(t, x, z) = δ(t)v00(x, z), where δ(t) is the Dirac delta function and v00(x,
z) = exp(–x2 – z2). Using the residual theorem for the inner integral in (3.2), we obtain

where ωn are the roots of dispersion relation (2.2) mentioned above. Neglecting the contribution of all the
damping roots, we obtain
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(3.3)

Integral (3.3) was calculated using the trapezoid rule with the steps ∆k = 0.01 and ∆m = 0.02, which
provided an accuracy of 1%. The results are shown in Figs. 2, 3, and 4 for the times t = 3, t = 5, and t = 10,
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respectively. In these figures, the development of the wave packet formed by the most unstable waves from
a neighborhood of k = kmax = 1.738 (see Fig. 1a) and propagating at the group velocity U = –∂Im(ω1(k =
kmax; m = 0))/∂k = 7.02 downstream is clearly visible. Such a pattern of one packet distinguished on the
general background of the perturbations is typical for many shear perturbations (in particular, for the
boundary layer [7–9]).

We also observe a specific feature of the propagation of the perturbations in the lateral direction (z). In
Figs. 2 and 3, the ripples are clearly visible, which recede when the wave packet acquires a fully developed
shape by the time t = 10 (Fig. 4). These ripples are characteristic of the initial phase of the packet devel�
opment when the most unstable waves from the neighborhood of (k, m) = (kmax, 0) still do not completely
define the shape of the wave packet. For t in the range from 3 to 5, the oblique waves in the neighborhood
of (k, m) ≈ (1, 1.5), which have a considerable increment of growth σ ≈ 0.5, compete with the most unsta�
ble waves. It is precisely these oblique waves that cause the ripples.

Another feature is clearly observed in Figs. 2 and 3; namely, there is an angle within which the pertur�
bations propagate. The measure of this angle can be estimated as 30° judging from these figures, which is
in agreement with the shape of the isolines in Fig. 1b (the normal to an isoline drawn at a point (k, m)
shows the direction of the propagation of a group of waves from a neighborhood of (k, m)). Moreover, we
can give an asymptotic estimate of the measure of this angle using the asymptotics found in [7, 8]:
Imω1(k, m) ≈ –ik(k2 + m2) for sufficiently large k and m. Then,

hence, we obtain an asymptotic estimate for the maximal angle of the propagation of the perturbations α ≈

 = 30°, which is an excellent agreement.
To emphasize these features, we make a comparison with the wave packet in the boundary layer on the

flat plate (see [8, 9]). For the case of the boundary layer on the flat plate, the dispersion relation has the
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same form (2.2); however, Q =  in this case. The change in the topology of the isolines
of the waves' increment of growth σ(k, m) = Reω1(k, m) and their frequency Imω1(k, m) can be seen in
Figs. 5a and 5b, respectively. It is seen that the “scythes” in Fig. 5a do not bend backwards as sharply, and
there is no clear dominance of the increments of growth of the oblique waves over the plane waves in the
range k ≈ [1, 1.5]; therefore, there are no ripples on the wave packet in Fig. 6. Furthermore, the normals
to the isolines in Fig. 5b are less tilted to the axis k; as a result, the wave packet does not spread in the lateral
direction (z) as is seen in Figs. 2–4.

4. CONCLUSIONS

In the framework of the asymptotic free interaction theory, it is shown that ripples in the lateral direc�
tion can occur in the plane Poiseuille flow at the initial stage of the development of a 3D wave packet; the
ripples are caused by unstable oblique waves. It is established that the perturbations propagate within a 30°
angle.
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1. INTRODUCTION

An area of research into sources of noise generated by nozzle jets is the study of instability waves. This
concept was introduced in [1] for the case of supersonic jets. According to [1], the emission of sound in
the course of instability development proceeds as follows.

The shear layers at the boundary of the initial jet segment are characterized by high transverse gradients
of velocity, which lead to instability and, accordingly, to the growth of harmonic amplitudes. As a result,
the amplitude of a simple harmonic wave generated by an external source at the nozzle exit increases as
the wave propagates along the jet axis. However, the thickness of the shear layers increases downstream,
which, combined with decreasing transverse gradients, leads to the stabilization and subsequent damping
of the wave. An increase and then a decrease in the wave amplitude leads to a broadband wavenumber
spectrum. Its short�wave range may include harmonics with a supersonic phase velocity relative to the sur�
rounding medium, which are the source of sound.

The following procedure for analyzing this phenomenon was proposed in [1]. The steady mean field
pattern is assumed to be known. The Euler equations written in cylindrical coordinates are linearized
about this field. The resulting linear system is solved by the method of matched asymptotic expansions,
where the small parameter is that characterizing the slow expansion of the jet. In [1] the theory was verified
using the experiments from [2], in which the flow parameters of a supersonic axisymmetric jet were mea�
sured together with acoustic characteristics. An approximation of the experimental data was used in [1] as
input data in the numerical implementation of analytical solutions. The theory thus constructed was
found to agree well with the experiment.

A similar approach was used in [3], where the theory from [1] was further developed and was supported
by experimental data.

The results suggesting that instability waves are a source of sound in supersonic jets motivate attempts
to solve the three�dimensional nonstationary Euler equations linearized about the mean field of the jet.
This opens up the possibility of studying acoustic fields generated by jets outflowing from nozzles of vari�
ous shapes.

The basic difficulties in the numerical simulation of acoustic fields are associated with phase and
amplitude errors (mainly in the short�wave range of harmonics resolved by actual schemes), which are
characteristic for most traditional methods. In the numerical integration of nonstationary equations,
these errors can accumulate and noticeably distort the solutions.

A conventional approach is to use high�order accurate schemes. This ensures small errors in the long
wavelength approximation, when the dimensionless wave number kh (h is the mesh size) tends to zero.
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However, high�order schemes do not guarantee that the errors are small in the shortwave range, when kh ≥
π/2 (note that the wavelength in the case of kh = π/2 is equal to 4h).

The idea of optimizing schemes for an aeroacoustic problem was proposed in [4]. Specifically, by par�
tially sacrificing the high order in the approximation of derivatives on a multipoint stencil, we can try to
extend the range of wave numbers for which the phase errors are small, for example, in the rms norm by
choosing suitable free parameters. For dissipative schemes, the same approach can be used to minimize
the amplitude error (or both errors simultaneously).

This paper consists of two parts. The first describes a multioperator scheme for which the construction
principles were presented in [5, 6] and some application results can be found in [7, 8]. This scheme was
used in this study to solve the linearized Euler equations numerically. Seventh�order accurate in space, this
scheme is characterized by rather wide ranges of wave numbers with small phase and amplitude errors. It
is based on a linear combination of upwind compact approximation operators other than those used in
[5, 6]. The application of these operators to the discretization of convective terms with an arbitrarily high
order was described in [9].

The other part presents numerical results obtained for acoustic fields generated by instability waves in
supersonic jets. Preliminarily, the mean turbulent flow in an axisymmetric jet was computed under condi�
tions close to experimental data. The resulting fields of gasdynamic parameters were used in the linearized
Euler equations, which were solved by applying a multioperator scheme.

2. STATEMENT OF THE PROBLEM AND DIFFERENCE
SCHEMES FOR ITS SOLUTION

1. The statement of the problem corresponds to the strategy proposed in [1] for studying acoustic fields
in the case of supersonic jets. Specifically, the Euler equations linearized about a known mean flow field
are used in the presence of acoustic disturbances at the inlet boundary. Two problems arise in the numer�
ical implementation of this strategy. First, we have to compute the steady mean jet flow described by the
Navier–Stokes equations with a turbulence model. The resulting numerical solution is used as a base in
the linearization of the Euler equations. Let the mean�flow parameters be denoted by the index 0. Then,
assuming that the excitation is nonstationary with respect to perturbations in the density ρ, velocity com�
ponents u, v, and w, and internal energy e, the resulting three�dimensional system has the form

(1)

where

Here, U2 = (  +  + )/2, U1 = u0u + v0v + w0w, E1 = γe + U1, E2 = γe0 + U2, and P1 = (γ – 1)(e0ρ +
ρ0e).

This system describes perturbations of gasdynamic parameters in the three�dimensional case and
applies to jets outflowing from nozzles with variously shaped exit cross sections. In this case, the mean
field was axisymmetric and corresponded to the experimental conditions in [2], but the computer code
did not take into account this symmetry.
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In what follows, it is assumed that the x axis coincides with the jet axis and all the sizes are divided by

the radius r of the jet’s initial cross section. In the jet’s initial cross section x = 0, r =  < 2, we set
v = w = 0, specified a perturbation of the pressure p = (γ – 1)(eρ0 + ρe0), and used the adiabatic condition.
Another condition was that the perturbation in the Riemann invariant was transferred from interior to
boundary nodes for a one�dimensional flow along the x axis. In the supersonic part of the outlet boundary
x = L of the computational domain, all the unknown functions were transferred. In the subsonic part of
this boundary, we used a condition for Riemann�invariant perturbations (the perturbation for the “enter�
ing” invariant was set equal to zero) and the entropy conservation condition. Moreover, the perturbations
in v and w were transferred to the boundary. Similar conditions were used on the lateral boundaries.

To prevent the influence of reflected perturbations on acoustic fields, the term –βW, where β = const < 0, was
added to the right�hand side of Eqs. (1) near the outlet and lateral boundaries. As a result, perturbations
reaching the boundaries had smaller amplitudes.

A similar statement of the problem concerning the mean supersonic turbulent flow in a jet was pre�
sented in [10], where an axisymmetric jet outflowing from a nozzle was considered at given distributions
of flow parameters in a cross section inside the nozzle. In this paper, input data of the problem were chosen
so that the flow parameters were similar to those obtained experimentally in [2]. We started from the Rey�
nolds�averaged Navier–Stokes equations and the modified two�parameter turbulence model q – ν (see
[11]).

The first problem was solved using a fifth�order upwind difference scheme with compact approxima�
tions. It was described in detail in [12].

2. Consider a multioperator scheme of the seventh order in space with upwind compact approxima�
tions other than those used in [5–8]. We applied this scheme to the linearized Euler equations, but it can
also be applied to various problems in fluid dynamics.

Following the notation used in [6], consider three�point operators defined on the grid ωh = {xj = ih, j =
±1, ±2, …, h = const} in the form of linear combinations of the identity operator I and three�point central
differences ∆0 and ∆2, where

To construct multioperators, the original one�parameter family of compact approximations defined on ωh

has the form

(2)

where ∆(s) = 0.5(∆0 – s∆2), s is a parameter, and Q1 = (I + ∆2/12)–1. The three�point operators R1 and

 are given by

The action of the operator L5(s) = [∆(s) + ]/h on some grid function uj (j = 0, 1, …, N) is cal�
culated via the following operations:

(i) Calculate vj = (I + ∆2/12)–1∆2uj by inverting the tridiagonal matrix (I + ∆2/12).

(ii) Calculate wj =  again by converting a tridiagonal matrix.

(iii) Calculate [∆(s)uj + wj]/h.

While inverting a matrix, we always assume that, depending on the statement of the problem, some
boundary conditions are set at j = 0 and  j = N.

By using the one�parameter family of operators L5(s), the first derivatives can be approximated to an
arbitrarily high order in the form of linear combinations of the basis operators L5(si), i = 1, 2, …, M.

Following [6], the action of L5(s)[u]h on a sufficiently smooth function u(x) considered at grid points
is represented as a series in powers of h:

(3)
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where pk(s) are polynomials of degree k. Specifically,

Restricting our consideration to seventh�order multioperators, we fix three values s1, s2, and s3 of s and
substitute them into (3). The resulting equalities are multiplied by the coefficients γ1, γ2, and γ3, where γ1 +
γ2 + γ3 = 1, and are added up. Since the coefficients of h5 and h6 vanish, taking into account the equality
for their sum, which guarantees that the coefficient of the first derivative is 1, we obtain the following sys�
tem for determining γ1, γ2, and γ3:

(4)

In contrast to systems for other basis operators [5–8], this system is not reduced to one with a Vander�
monde matrix and the existence of its solution for any s1, s2, and s3 is not guaranteed. However, direct cal�
culations show that the determinant of its matrix is nonzero if s1, s2, and s3 are not related by the formula

(5)

Specifically, equality (5) is not satisfied if

Although the systems for γ generated by the family L5(s) may have nonsingular matrices, their doubtless
advantage is that the condition number does not increase sharply with increasing dimension, which is typ�
ical of Vandermonde matrices.

Consider some properties of the operator LM(s1, s2, s3) that follow from the properties of basis operators.

Skew�Symmetric and Self�Adjoint Components

Meaning the Hilbert space of square summable grid functions defined on ωh, we write the operator
L5(s) in the form of the sum of its skew�symmetric and self�adjoint parts (denoted by indices (1) and (0),
respectively):

Accordingly, LM can be represented as

Algebraic rearrangements using the permutability of ∆0 and ∆2 yield

(6)

Consider LM(–s1, –s2, –s3). It follows from (4) that the solution γi (i = 1, 2, 3) does not change after
the substitution si = –si. This means that, by virtue of (6),

i.e., the skew�symmetric part of LM is invariant under a change in the sign of the parameters, while the
self�adjoint part reverses its sign. Thus, if the multioperator is positive for some parameter values, it
becomes negative after changing their signs.

Representability of the Action of Multioperators as the Difference of “Fluxes”

The action of Lm on a grid function can be represented as

where qM, j + 1/2 (j = 0, ±1, ±2, …) are “fluxes” through the imaginary faces xj ± 1/2 of the control cell. This
property is derived from the easy�to�establish equality
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by summation

.

This property suggests that conservative schemes can be constructed.
In what follows, for convenience, we use a uniform distribution of the parameters such that s2 is the

half�sum of s1 and s3. Then the multioperator becomes dependent on two parameters s1 and s3.

Dispersion and Dissipative Properties 

Denote by µM(α; s1, s3) (α = kh) the Fourier transform of the operator LM with respect to k. It can be
obtained by making the formal substitutions

∆2    

Obviously, considering the space of bounded grid functions defined on ωh, we conclude that µM is an
eigenvalue of LM with the eigenfunction eiαj:

Consider a multioperator approximation of the x�derivative for the Cauchy problem

without discretizing the time derivative

where α = kh is the dimensionless wave number. The solution to this difference problem has the form

(7)

where a∗ = aIm (α, s1, s3)/α is the “numerical” phase velocity and  = hµm. In what follows, it is

always assumed that s1 and s3 are such that ReµM(α; s1, s3) > 0 for 0 < α ≤ π. This means that the multio�
perator is positive for these parameter values, which is important in the design of robust schemes for fluid
dynamics equations. The domains of “admissible” values of s1 and s3 in the plane Ω = (s1, s3) can be found
by numerically solving the problem of determining domains where a function of two variables is positive.

To describe acoustic fields accurately, it is important that the phase and amplitude errors be close to
zero and that numerical solution (7) be different from the exact one in a possibly wider range of wave num�
bers α = kh in the interval [0, π] supported by a grid with the mesh size h. This means that the damping

factor of the harmonic Re  is small for this range (i.e., the amplitude errors are small) and a∗ differs

little from a (i.e., the phase errors are small). From the point of view of acoustics, the dissipative mecha�

nism defined by Re  is an enforced measure dictated by the stability of the computations and by the fil�
tration of spurious short�wave oscillations.

Small phase and amplitude errors for 0 ≤ kh ≤ π/2 are ensured, to some extent, by high�order schemes.
However, in aeroacoustic problems, it is desirable to extend this range. To do this, we can use the fact that
the multioperator parameters s1, s3 ∈ Ω are still arbitrary. Figure 1 shows d = ReµM(α) and r = a∗/a =

ImµM(α)/a as functions of the wave numberα = kh at s1 = 0.82 and s3 = 10.
These parameters were chosen by searching through admissible values, and they are not necessarily

optimal. However, Fig. 1 reveals that ReµM(α) differs from zero and a∗/a differs from unity in a rather

wide range of α.
3. When multioperator schemes are constructed for equations with convective terms, it is convenient to use

flux splitting. Let the operator L5(s1, s3) be positive. Denote it by L+. Then the operator L– = L5(–s1, –s3) is neg�
ative. In the case of the nonlinear equation

,

the spatial derivative is approximated up to O(h7) as follows:
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where C > 0 is a parameter. In the case of the linear problem f(u) = au with a = const, the approximating

operator is positive, since L+ – L– = (s1, s3) > 0. The skew�symmetric operator (L+ + L–)/2 is used to
approximate the derivatives, while the second term on the right�hand side of (8) serves as a dissipative
addition. Approximation (8) is easily extended to vector functions u and f: it is sufficient to replace the
constant C with the matrix CE, where E is the identity matrix. In all the cases, C can be used as a parameter
governing the level of dissipation. Specifically, when C = 0, we have a nondissipative symmetric approxi�
mation.

In equations with several spatial variables, the derivative with respect to each variable is approximated
in a similar manner.

To compute the action of the multioperator in the case of a single processor, the action of basis opera�
tors has to be calculated three times by setting s = s1, s = s2, and s = s3. In the case of a parallel computer
system, these computations can be executed in parallel. Moreover, if the time required for data exchange
is ignored, the actions of the multioperator are computed in the same time as the actions of the basis oper�
ators.

The accuracy of the multioperator scheme can be estimated by applying it to the widely used test prob�
lem for Burgers’ equation (see, e.g., [13])

(9)

with periodicity conditions. The exact solution to problem (9) is smooth up to some time and can be

obtained by the method of characteristics. Its value at nodes is denoted by .

The computations were based on the fourth�order Runge–Kutta method. To eliminate the influence
of the time step on accuracy, we used relatively low Courant numbers. The accuracy and its order were
estimated as follows:

where N is the number of grid points. The table presents Ec and kc for various N in the case of a smooth
exact solution (t = 0.3) for the multioperator scheme (the multioperator is denoted by L57). The table also
lists the results obtained in [8] for the scheme with the basis operator L5 and for the fifth�order WENO
scheme. The results in the table suggest that, for coarse grids (N = 8, 16), the error in the multioperator
scheme is only several times less than the errors in the fifth�order schemes. However, for N ≥ 32, the accu�
racy of the former increases rapidly, exceeding that of the latter by several orders of magnitude (roughly 4
orders of magnitude for N = 256).
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Fig. 1. Phase velocity and dissipation of the seventh�order accurate multioperator scheme.
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The principle described was used to approximate the spatial derivatives in the linear system. Although
the base flow was axisymmetric, acoustic fields were computed with a three�dimensional code with the
purpose of possible generalizations to three dimensions.

3. NUMERICAL RESULTS

Mean Flow Computation 

The computations were performed in the experimental conditions from [2]. We considered a super�
sonic jet outflowing from an axisymmetric nozzle with distributions of supersonic flow parameters speci�
fied in some internal nozzle cross section. The boundary conditions were chosen so that the flow was close
to that studied in [2] starting at some distance from the nozzle exit. The computational domain and the
grid used are shown in Fig. 2. The averaged Navier–Stokes equations were supplemented by two equations
of the modified turbulence model q – ν (see [11]). The convective terms of the equations were discretized
by applying fifth�order accurate upwind compact approximations, while the diffusion terms were approx�
imated by fourth�order centered differences. Time marching was based on the scheme described in [12].

In Figs. 3 and 4, the numerical results (solid lines) are compared with the experimental data from [2]
(markers). Figure 3 shows the Mach number distribution along the jet axis. Since the nozzle contour was
not intended for ideal flow expansion (as occurred in the experiment), nonmonotone variations in the
Mach number, which suggest the presence of rolls, are observed near the nozzle exit in Fig. 3. Further
downstream, the computed and experimental distributions agree fairly well.

Figure 4 displays the Mach number distributions in several cross sections where measurements were
conducted. It can be seen that the numerical results also agree with the experimental data.

Table

N
Schemes

8 16 32 64 128 256

WENO�5 Ec 6.72e�2 1.25e�2 1.20e�3 9.50e�5 3.31e�6 8.66e�8

kc 2.4 3.7 3.7 4.8 5.3

L5 Ec 3.35e�2 6.24e�3 4.19e�4 3.22e�6 4.13e�7 1.22e�8

kc 2.71 3.81 4.74 5.00 5.03

L57 Ec 1.82e�2 2.14e�3 3.61e�5 2.21e�7 8.03e�10 3.38e�12

kc 3.1 5.9 7.3 8.1 7.9

20

0
40200 x

y

Fig. 2.
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Computation of Acoustic Fields 

The turbulent flow parameters obtained behind the shock region near the nozzle exit were used in sys�
tem (1). Obviously, this linear system has the trivial solution in the absence of perturbation sources. A peri�
odic perturbation (e.g., of density or pressure) specified in the initial cross section propagates downstream
and, under certain conditions, generates an acoustic field outside the jet.

In theoretical studies [2, 3], an approximate solution to system (1) was constructed by the method of
matched asymptotic expansions, in which the small parameter was that characterizing the slow expansion
of the supersonic jet. Due to this approach, not only acoustic field parameters similar to experimental data
were obtained in the plane and axisymmetric cases but also the subtle mechanism of acoustic field gener�
ation was described. The numerical solution to problem (1) gives no information on this mechanism, but
it makes no use of any assumptions, except the only one that the acoustic field is described by linearized
Euler equations. It can be assumed that, in this approximation, high�accuracy numerical methods pro�
duce fairly accurate acoustic field parameters in the general three�dimensional case for various shapes and
characteristics of the jet and for various initial perturbations. At the same time, the above linear model
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Fig. 4. (a) x/D = 5, (b) x/D = 10, and (c) x/D = 15.
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eliminates certain effects of the nonlinear interaction between waves themselves and between waves and
the mean flow.

The above�described seventh�order multioperator approximations and the fourth�order Runge–Kutta
method for time stepping were used to develop a computer code for the general three�dimensional prob�
lem. In this study, the code was used to test the performance of the method by comparing it with the acous�
tic fields measured in [2].

Let us discuss some details of the numerical implementation of the scheme. In contrast to the mesh
used for the mean flow, the mesh for solving the linear system was constructed in Cartesian coordinates x,
y, z with the x axis coinciding with the jet axis. As a result, jets outflowing from nozzles with arbitrary cross�
sectional shapes could be considered. Near the jet boundary, the mesh was refined by transforming y and
z with uniform meshes in the new coordinates. The base flow fields on these meshes were calculated by
interpolating grid functions defined on the grid shown in Fig. 2.

In the experiment in [2], the perturbation at the nozzle exit was either specified as white noise or was
produced by a glow discharge generated periodically at a fixed frequency. In this paper, in at the given
Strouhal number St = ωD/(2πU) (U is the velocity on the jet axis in the initial cross section and D is the
jet diameter), the perturbation the initial cross section was specified as

where n is the index of an azimuthal mode, ϕ is the azimuthal angle, ω is the frequency, and f(r) is a
smooth function that is nonzero inside the jet. White noise perturbations were produced as linear combi�
nations of harmonics with random phases. Thus, the solution of the linear problem was determined up to
a constant А. Since the perturbation amplitudes in [2] were unknown, this constant was specified, follow�
ing [1], by using experimental and numerical data coinciding at some fixed point of the domain.

The fluctuation mass flux distribution ρu in a shear layer was presented in [2]. Figure 5 compares this
function with its values computed for the axisymmetric mode (n = 0) at St = 0.2. Since these values were
determined up to a constant, they were normalized so that their maxima coincided with those in the
experimental data. This technique was used in [1] in the construction of analytical solutions. It can be seen
that the shapes of both distributions and their maxima are fairly similar to each other. A maximum suggests
that the amplitudes of instability waves grow and then decrease because of the increased thickness of the
shear layer at the jet boundary. The location of these maxima was interpreted in [2] as an indication of a
domain where sound is generated. Figure 6 presents a similar comparison in the case of a white noise per�
turbation specified in the initial cross section. This corresponds to the experiment in [2] with no artificial
glow discharge excitation. It can be seen that the maxima have noticeably different locations, but the
shapes of the curves remain similar. Finally, Fig. 7 displays the computed distribution ρu along the jet axis

p r t,( ) Af r( ) ωt nϕ+( ), rsin x
2

y
2

+( )
1/2

, A const,= = =

0.12

0.11

0.10

0.09

0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01

ρu

151050
x

Fig. 5.



1230

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 49  No. 7  2009

SAVEL’EV et al.

for the first azimuthal mode (n = 1) at the same perturbation frequency (St = 0.2). No experimental data
are available for this case in [2]. It can be seen that the maximum of the curve shifts considerably down�
stream.

Consider the acoustic fields emitted by the jet. Figures 8–10 show the instantaneous acoustic pressure
patterns in a meridional plane for three above cases, respectively: St = 0.2 and n = 0, St = 0.2 and n = 1,
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and white noise in the case of an axisymmetric initial perturbation (n = 0). In Fig. 8, the contrasts of light
and dark grades increase and then decrease along the jet axis. This corresponds to a maximum in the fluc�
tuation mass flux distribution presented in Fig. 5 and is in complete agreement with the evolution of insta�
bility waves as the shear layers at the jet boundary become thicker (see [1]). The near�field pattern of peri�
odic contrasts characterizes sound emitted by the zero mode downstream at some angle to the jet axis. In
the case of the first azimuthal mode, the pressure pattern (Fig. 9) is entirely different. First, the areas of
maximum and minimum pressures inside the jet alternate in a staggered manner. Second, the fluctuation
intensity in the near field is noticeably lower than that inside the jet. This means that a considerably lower
fraction of energy is emitted as sound by the azimuthal mode. This conclusion agrees with the experimen�
tal data in [3], which suggest that, for a white noise initial perturbation, the azimuthal modes contribute
insignificantly to the intensity of emitted sound away from the nozzle exit. The pressure field in the case
of initial white noise is shown in Fig. 10. The plot suggests that the sound propagates approximately in the
same direction as in the case of n = 0 represented in Fig. 8. This also agrees with the conclusions in [2]
that the directional diagram depends weakly on the character of perturbations generated at the nozzle exit
and, therefore, the mechanism of sound emission is the same in all the cases. In contrast to Fig. 8, the field
in Fig. 10 lacks periodic locations of maxima and minima, which suggests the superposition of many harmonics.
Finally, Fig. 11 displays the computed directional diagram for the meridional mode at St = 0.2 (emitted sound

Fig. 8. 
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levels are presented in decibels). Figure 11 also shows the experimental data from [2], which are similar to
the numerical results (markers).

Below are some conclusions.
1. The numerical results agree well with the experimental data, which suggests that linearized Euler

equations can be used to simulate acoustic fields for more general supersonic jets.
2. The numerical results also agree with the mechanism of sound emission by instability waves

described in [1], which is associated with an increase and then a decrease in the wave amplitudes in the
course of thickening shear layers. Accordingly, agreement is also observed with the results produced by the
method of matched asymptotic expansions in the axisymmetric case for experimental conditions.

3. A comparison of the linearized model with direct numerical simulation of jet flows suggests the fol�
lowing conclusions. In principle, direct simulation can produce rather complete information on the near�
field flow, including acoustic fields. Specifically, this information can include sound self�generation under
certain conditions due to shear layer instability, the nonlinear interaction of waves, and data on the role of
turbulent fluctuations. However, concerning the complete resolution of all flow scales, the applicability of
direct numerical simulation is now restricted to rather low Reynolds numbers even in the case of high�
order accurate schemes with a high resolution.

The linearized model has a considerably smaller domain of application. For example, it can hardly be
used for subsonic jets. Moreover, it can be treated only as a mechanism of gaining and emitting already

Fig. 9. 
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available perturbations in the framework of a broadband filter. At the same time, the linearized model is
easy to implement in the general three�dimensional case with the use of high�order schemes, since it does
not require that the smallest scales be resolved. Moreover, turbulence can be roughly taken into account
using the easy�to�implement model of averaged Navier–Stokes equations (with a suitable semiempirical
turbulence model), which is used to describe the “base” flow in the jet.

Thus, the described method of application of the high�accuracy schemes for some problems of an
aeroacoustics is represented reasonable enough.
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INTRODUCTION

Experimental studies [1] have shown that the interaction of an incident shock wave with a laminar
boundary layer is of a complicated nature and goes beyond the classical view of the boundary layer. It was
also shown that the boundary layer has a large effect on the formation of a transonic flow. Further studies
confirmed these conclusions (see [2]). The triple�deck theory with equations describing the interaction
mechanism of a shock wave with a boundary layer was developed in [3, 4]. In the case of a transonic steady
outer flow and a laminar boundary layer, the triple�deck equations were derived in [5]. Their numerical
solution [6–9] was used to analyze the behavior of skin friction. The conclusions drawn in [1, 3, 4] were
in complete agreement with the results of experiments in [1].

The triple�deck studies of the influence exerted on a supersonic flow by a small roughness surface ele�
ment located in the lower viscous sublayer were begun in [10, 11].

In the case of an incompressible flow, those studies were continued in [12–15]. Axisymmetric super�
sonic flows were analyzed in [16]. A review of the results can be found in [17]. The flow pattern arising in
the flow over a three�dimensional roughness element located on a body of revolution was also investigated
in [17].

A triple�deck analysis of transonic steady flow over a small roughness element was performed in [18,
19]. It was found that a closed supersonic region with two shock waves is formed in the outer potential
region. These results agree well with experiments [1]. For some relations between the flow parameters, a
local separation region is also formed in the lower viscous sublayer.

The formation and development of supersonic regions, closing shock waves, and local separation
regions in unsteady transonic flow over the same small roughness elements as in [18, 19] were studied in
[20].
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STATEMENT OF THE PROBLEM

We analyze a transonic laminar axisymmetric gas flow over a small roughness element located on a
body of revolution at a distance L from its leading edge. It is assumed that the incoming flow is homoge�
neous and that the body has an extended cylindrical segment that is much longer than the roughness ele�
ment. The radius of the cylindrical part of the body is denoted by Rw. It is assumed that δ = Rw/L � 1. The
Reynolds number Re = ρ

∞
U

∞
L/µ

∞
 is determined by the gasdynamic characteristics in the incoming flow

(parallel to the axis of rotation) and is assumed to tend to infinity. Here, ρ
∞

, U
∞

, and µ
∞

 are the free�stream
density, velocity, and viscosity, respectively. Denote by x* and r* cylindrical coordinates with the origin at
the nose of the body.

It is assumed that δ is small but much larger than the boundary layer thickness; i.e., δ � O(Re–1/2).
As a result, the incoming flow is weakly perturbed and the boundary layer in the first approximation is

described by the two�dimensional boundary layer equations and by the Blasius solution. The roughness
height is assumed to be O (LRe–3/5). It is also assumed that the free�stream Mach number M

∞
 approaches

unity as Re  ∞ and  = 1 + O(Re–1/5).

Under these assumptions, the roughness element induces a viscous�inviscid interaction between the
incoming transonic flow and the boundary layer. A triple�deck region develops, whose longitudinal size is
O(Re–3/10) (see [5]). It consists of the lower boundary sublayer adjacent to the body surface, the main part
of the boundary layer, and the outer sublayer adjacent to the free stream and the boundary layer.

Following the ideas of [5], we briefly describe the derivation of the triple�deck equations and the
boundary and initial conditions for a roughness element located on the surface of a body of revolution
placed in the lower viscous sublayer. The variables are expanded in the form

Assume that the shape of the roughness element in dimensionless Cartesian coordinates (x, y°) is spec�
ified by the equation y° = f(x), where f(x) is a smooth function. The boundary layer equations and bound�
ary conditions in the lower viscous sublayer are most conveniently analyzed when expressed in variables x
and y, where y = y° – f(x). In this case, the flow variables are expanded in the form

Here, p* and ρ* are the pressure and density of the gas and u* and v* are the flow velocity components
in coordinates (x*, r*). For simplicity, we assume that the body surface is heat�insulated, the Prandtl num�
ber is Pr = 1, and the first viscosity is µ = CT (where C is the Chapman constant). Then, according to
Crocco’s relation [21], the temperature on the body surface is a constant. Denote by R(0) the dimension�
less density on the body surface. In the approximation used, the equation of state implies that ρ = R(0).
Substituting the above expansions in the lower viscous sublayer into the Navier–Stokes equations, in the
first approximation, we obtain the Prandtl equation for an incompressible boundary layer:

(1.1)

For x  –∞, the solution of system (1.1) in the lower viscous sublayer is matched with the Blasius
solution. At y = 0, the velocity components satisfy the no�slip condition u = v = 0.

Thus, in the lower viscous sublayer, where the roughness element is situated, the flow in the first
approximation is formed by viscous stresses. The effect of heat conduction can be neglected, since the gas
is nearly incompressible at low velocities.

In the main part of the boundary layer, the flow is rotational, although dissipative factors in the first
approximation are no longer substantial. The expansions of the variables and flow parameters in this sub�
layer have the form

(1.2)

M
∞

2

x* L 1 Re
3/10–
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∂u
∂x
����� ∂v

∂y
�����+ 0, ∂p

∂y
����� 0,= =
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The functions U(Y) and R(Y) are described by the Blasius solution and determine the state of the
boundary layer ahead of the interaction region. They behave as follows: U(Y)  O(Y) and R(Y)  R(0)
as Y  0, while U(Y)  1 and R(Y)  1 as Y  ∞. Substituting (1.2) into the Navier–Stokes equa�
tions yields ordinary differential equations for determining , , , and . Their solutions are

(1.3)

Here, (x) is an arbitrary function such that (x)  0 as x  –∞. Solutions (1.3) mean that, in the
first approximation, the displacement of streamlines in the main part of the boundary layer is completely
determined by the roughness element and the displacement thickness due to influence exerted by the flow
in the lower viscous sublayer on the entire triple�deck flow.

In the outer sublayer, the flow is potential and the variables and flow parameters are expanded accord�
ing to the formulas

(1.4)

Here, we assumed that δ = Re–1/5rw where rw is on the order of 1. In this case, the effect of the cylinder
curvature is exhibited even in the first approximation. Substituting (1.4) into the Navier–Stokes equa�
tions, we find that the flow in the upper inviscid region is described by the Karman–Guderley equation
for the perturbed velocity potential φ(x, r) (see [22]):

(1.5)

Here, K
∞

 is the transonic similarity parameter. The solution to Eq. (1.5) must satisfy the boundary con�
ditions

(1.6)

(1.7)

The first condition in (1.6) is determined by matching the triple�deck flow parameters with the free�
stream ones, while the second condition in (1.6) shows the relation between the perturbed velocity poten�
tial and the pressure at the outer edge of the boundary layer.

The interaction conditions are derived by matching the solution in the main part of the boundary layer
with that in the outer sublayer and with that in the lower boundary sublayer. These conditions are

(1.8)

    ∞, (1.9)

respectively. Here, A(x) = (x) + f(x).

NUMERICAL COMPUTATIONS

By applying affine transformations similar to those used in [18], the equations and the boundary and
initial conditions describing the transonic flow in the triple�deck region induced by the small roughness
element are reduced to canonical form. In numerical computations, it is convenient to use the boundary
layer equations written for the vorticity ω = ∂u/∂y. For the transformed variables and functions involved
in the equations and the initial and boundary conditions, we retain the previous notation. As a result, in
the new variables, the flow in the lower viscous sublayer is described by the boundary layer equation for ω
with the following initial and boundary conditions:

(2.1)

u v p ρ
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ω  1, x  –∞, y  ∞, (2.2)

(2.3)

Conditions (2.2) describe the flow in the regions to the left of and above the viscous lower sublayer.
Condition (2.3) specifies the relation between the vorticity and the pressure gradient on the body surface.

In the outer potential region, the flow is governed by the Karman–Guderley equation for φ:
(2.4)

Here, K
∞

 is a new transonic similarity parameter appearing after the affine transformations. The boundary
conditions for Eq. (2.4) are given by (1.6) and (1.7).

The interaction conditions are given by (1.8) and (1.9). As before, A(x) = (x) + f(x).
In the computations, we used a roughness element whose shape was specified by the equation

(2.5)

The solution to problem (2.1)–(2.5) depends on three parameters: K
∞

, h, and rw.
The problem was solved numerically by a direct method developed for solving the transonic triple�deck

equations (see [23]). Two nonuniform grids were introduced in the viscous sublayer and the outer inviscid
region. At interior grid points, the Prandtl equations were approximated by second�order accurate finite�
difference schemes, where the first x� and y�derivatives involved in the nonlinear terms of the equations
were approximated by finite differences depending on the sign of the longitudinal and vertical velocity
components, respectively.

Similarly, depending on the sign of the nonlinear term, the Karman–Guderley equation was approxi�
mated by the finite�difference scheme represented in [22].

The resulting nonlinear system of finite�difference equations was solved by the Newton–Kantorovich
method with block Gaussian elimination used to improve the approximation of the unknown functions.
The block Gaussian elimination algorithm as applied to triple�deck problems was described in detail
in [23].

The numerical results presented below were obtained primarily on a nonuniform grid with the maxi�
mum number of points 200 × (80 + 120), with the minimum mesh size in x (∆x = 0.02), and with the min�
imum mesh size in y (∆y = ∆r = 0.02) in the boundary layer and the outer transonic flow. To verify the
results, we doubled the number of grid points (400 × (160 + 240)) and halved the minimum mesh sizes in
x, y, and r: ∆x = ∆y = ∆r = 0.01. The maximum discrepancy between the characteristics computed in
these cases was found in the near�wall area of steepest pressure gradients and did not exceed 4%.

Before analyzing the numerical results, we discuss the experiments conducted in [1]. Specifically, sym�
metric double�convex airfoils composed of circular arcs are placed in a transonic flow with a laminar
boundary layer at Re ≈ 106. A closed supersonic region with two or more shock waves inclined upstream is
formed in the experiments. The shock waves divide the supersonic region into several subregions. The first
shock and the supersonic region ahead of are called basic. Behind the basic shock, the pressure increases,
while the Mach number decreases, but the flow remains supersonic. Thus, a closed supersonic region
much smaller than the basic one is formed downstream of the basic shock. The boundary layer becomes
thicker at the place where the basic shock impinges. The shape of the thickening has a small radius of cur�
vature, and the flow past it gives rise to a rarefaction wave, which leads to lower pressure. As a result,
another shock wave develops in this supersonic region. If the flow behind it is supersonic, the process
repeats until the flow velocity behind the newly formed shock is subsonic. The pressure distribution on the
surface of the boundary layer is continuous.

Figure 1 shows contour lines of w = (1 + γ)(∂φ/∂x) – K
∞

 (which is proportional to the deviation of the
squared local Mach number from unity) at K

∞
 = 2, h = 5, and rw = 1. It can be clearly seen that, due to the

displacing effect of the boundary layer, a supersonic zone with two shock waves inclined upstream is
formed in the outer potential region. The bases of the shock waves are smeared, as usually occurs when
they impinge on the boundary layer (see [2]), and the pressure distribution on the body surface becomes
continuous. This can be inferred from the behavior of ws = w(rw, x) and the nondimensionalized skin fric�
tion τ = ω(0, x) plotted in Fig. 2 (K

∞
 = 2, h = 5, rw = 1, solid lines).

The skin friction computations also show that a flow separation occurs at the above values of K
∞

, h, and
rw. The streamline pattern in the viscous boundary sublayer is displayed in Fig. 3.

In the transonic steady triple�deck theory, disturbances in the outer region are caused by the displace�
ment thickness of the boundary layer in the lower near�wall region and by the roughness of the surface.

∂ω
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The main part of the boundary layer transmits these disturbances without changes. Because of the inter�
action, the lower boundary in the outer potential region contains an extended segment with a convex
smooth profile, on which a supersonic region is formed in the same way as in the transonic flow past an
airfoil (see [2]). In transonic flows past convex airfoils, supersonic regions are generally closed by shock
waves (see [2, 24, 26]), and a shock wave is absent only for a specially chosen airfoil shape. A review con�
cerning the design of shock�free airfoils in a certain range of Mach numbers can be found in [24]. How�
ever, even small variations in the airfoil shape or the free�stream Mach number eventually lead to a shock
wave (see [25]). Of course, a unique situation is possible when, depending on the parameters of the prob�
lem, the displacement thickness of the boundary layer has a shape, at which no shock wave arises. How�
ever, the numerical computations performed for the chosen hump shapes showed that this situation did
not occur. The shape of the supersonic regions qualitatively agrees with that observed in experiments [1].
The gas velocity behind the basic shock is supersonic (see Figs. 1, 2). Therefore, there is another small
supersonic region behind it. Eventually, this supersonic region is closed by a second shock wave, the veloc�
ity behind which is subsonic. Compared with the experiments in [1], the supersonic regions have a more
pronounced double�hump structure.

In addition to supersonic regions and shock waves in the outer potential region, local separation zones
can develop in the lower viscous boundary sublayer, depending on the values of K

∞
, h, and rw. Computa�

tions show that they may coexist or form separately.

The effect of rw on the flow characteristics can be seen in Figs. 4 and 5, which present the distributions
of w and τ, respectively, at K

∞
 = 1 and h = 2 for (a) rw = ∞, (b) rw = 5, (c) rw = 1, and (d) rw = 0.1. Evidently,

for fixed K
∞

 and h, the flow characteristics in a plane flow (rw = ∞) are much more affected by the rough�
ness element than in a flow with a large effect of the radius of curvature of the body. There are no local
separation regions in the latter case. However, the results obtained with K

∞
= 2 and h = 5 (see Fig. 6) show

that local separation regions develop in the flow when rw = 1 or rw = 0.5 (curves a and b, respectively). As
rw decreases, they disappear. This is well seen in the plot of the skin friction at rw = 0.1 (curve c).
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Figure 2 displays the numerical results obtained for the flow past a cavity at K
∞
 = 2, h = –5, and rw = 1. We

can see local separation regions but supersonic regions are absent (the plots of τ and w are depicted by
dash�dotted lines). The solid curves show the behavior of τ and ws at K

∞
 = 2, h = 5, and rw = 1.

As the shape of the hump varies, the qualitative flow pattern remains the same. This is well seen in
Fig. 7, which shows contour lines of w corresponding to the flow over a hump given by f(x) = cos(πx/2),
x ∈ (–1, +1) at K

∞
 = 2, h = 5, and rw = 1.

CONCLUSIONS

The basic difference between the axisymmetric and plane cases in the triple�deck problem is that the
former case involves the additional similarity parameter rw and that the Karman–Guderley equation (1.5)
contains an additional term caused by the fact that the flow is three�dimensional and axisymmetric. This
term takes into account the curvature of the body�of�revolution surface. The qualitative flow pattern
remains the same as in the plane case. For an axisymmetric flow, the intensity of shock waves and the sizes
of local separation regions grow with increasing rw, while the position of the basic shock wave at fixed K

∞

varies little. Note that, if we make the substitution r = rw + n, then, in the limit as rw  ∞, the axisym�
metric transonic triple�deck equations turn into the plane transonic ones.
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1. INTRODUCTION

Recently, interest in the computation of suspended substance dispersion in water bodies has increased
as motivated by the necessity of performing assessments of various anthropogenic impacts on the environ�
ment. Such assessments are required, for example, in the construction of underwater pipelines and drilling
platforms on the oceanic shelf, in dredging operations, etc. In principle, available regulations impose
rather severe requirements on the quality of mathematical models used for such assessments. For example,
according to these regulations, the total concentration of mineral suspension at control points located
about 250–500 m away from a pollution source must not exceed 1 mg/l, while near the source this char�
acteristic usually amounts to 10 g/l and more.

In the description of suspended substance transport, we can distinguish two qualitatively different
areas, namely, a near�field region, whose length scale correlates with the size of a pollutant source (e.g., a
water outlet structure, a dredger, etc.), and a far�field region (with control points deployed), whose size
considerably exceeds the characteristic length of the near�field region.

In the near�field region, the concentrations of suspended substances are high and the simulation of
their transport generally has to be based on nonlinear equations of multiphase media dynamics (see, e.g.,
[1]). In the far�field region, which is the object of study in this paper, the substance concentrations
decrease considerably due to turbulent mixing and solid deposition. The suspended substances undergo
passive dispersion (see, e.g., [2]) and can be treated as a passive scalar whose transport is determined only
by the flow velocity and the intensity of turbulent diffusion. Moreover, the superposition principle applies
in the far�field region. This means that the spread of a suspended substance can be represented as the
motion of a collection of individual noninteracting “clouds” produced by instantaneous point sources of
pollutants. These clouds move through the water under the action of local currents and possibly deposit
on the bottom. In the course of motion, they increase in size due to horizontal turbulent diffusion, while
the concentrations of suspended substances in them decrease. The suspension concentration C at an arbi�
trary point r of the water body is represented as the sum of the passive scalar concentrations C j in individ�
ual clouds including this point at a given time. For example, for a time�continuous stationary point source
that releases a polydisperse suspension starting at t = 0, we have

C r t,( ) C
j

r t t0– t0, ,( )
j 1=

N

∑ t0, td

0

t

∫ 0,>=
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where j is the index of a pollutant fraction and N is the number of fractions.

In many practically interesting cases, the three�dimensional numerical simulation of pollutant trans�
port is, at least, unjustified or difficult to perform due to the following factors: the size of the spread area
considerably exceeds the depth of the water body; the number of various substance fractions is large; the
deposition rates of these fractions may differ by many orders of magnitude; and the control�point concen�
trations, which have to be reliably computed by the numerical model, differ by four and more orders of
magnitude from the suspension concentration at the pollution source.

Two�dimensional (depth�averaged) models are frequently considered in practice. They are based on
the integral relation

(1.1)

Here and below, x = (x1, x2) are horizontal Cartesian coordinates; z is a vertical coordinate computed
from the water surface to the bottom; H = H(x) is the local depth of the water body; u = u(x, t) = (u1, u2)

is the horizontal current velocity;  is the horizontal diffusive suspension flux due to turbulent exchange;

(H) is the flux of particles toward the bottom; the overbar denotes depth�averaged quantities; and sum�
mation is implied over the repeated index i = 1, 2.

The total depth�averaged concentration  of suspended particles and the suspension mass m per unit
area deposited on the bottom are determined by the expressions

Integral relation (1.1) is an exact consequence of the suspension mass conservation law. In computa�

tions, one usually uses the approximate expressions  = , and (H) = , where Wj is the
hydraulic coarseness of the jth fraction (the deposition rate of the fraction in stationary water with no ver�
tical turbulent exchange). Then we have the following two�dimensional “depth�averaged” advection–dif�
fusion equation for suspended substances (see, e.g., [3]):

(1.2)

However, this approach is not always acceptable. Specifically, Eq. (1.2) ignores vertical turbulent
exchange, which is substantial for particles with small values of Wj. The interaction of deposited particles
with the bottom and the effect of a particular vertical location of the pollution source are not taken into
account.

In this paper, for an instantaneous point source of suspension, a technique that is free from the indi�
cated shortcomings is proposed and justified for averaging the three�dimensional advection–diffusion
equation. The technique is based on the concept of the time�dependent effective hydraulic coarseness of
a polydisperse suspension, which is determined by solving only N one�dimensional evolution problems.
The depth�averaged suspension concentration is then found by solving the two�dimensional advection–
diffusion equation.

We do not consider any solution methods for this equation. Note only that the cloud method and the
stochastic discrete particle method (see, e.g., [4–6]) can be used within the approach proposed below.

2. FORMULATION OF THE PROBLEM IN THE CASE
OF AN INSTANTANEOUS POINT SOURCE OF SUSPENSION

Assuming that turbulent mixing can be divided into horizontal turbulent exchange and vertical turbu�
lent diffusion (see, e.g., [7]), the three�dimensional equation and the initial condition for determining the
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far�field evolution of the jth fraction concentration in a suspension produced by an instantaneous point
source can be written as

(2.1)

Here, uz is the vertical current velocity,  are the components of the horizontal turbulent suspension
flux, Kz is the vertical turbulent diffusivity, Mj is the initial mass of the suspension, δ is the Dirac delta func�
tion, and z0 is the vertical coordinate of the suspension source. It is assumed that the suspension source is
located at the point x = 0 and starts operating at the time t = 0.

At the water surface, there is no suspension flux, so

The boundary condition at the bottom of the reservoir depends on the interaction of the deposited sub�
stance with the bottom surface. In the general case, this condition is written as

(2.2)

where βj is a parameter that, following the terminology in [8], can be referred to as a dimensionless mass
transfer coefficient to the bottom.

The values of βj depend on the adsorbing properties of the bottom surface. For a completely adsorbing
surface, βj = ∞ (i.e., the conditions C j = 0 must be set at the bottom instead of (2.2)). No diffusive flux
(∂C j/∂z = 0) is sometimes specified at the bottom (see [9]), which corresponds to βj = 1. The limiting case
is βj = 0, when there is no suspension flux to the bottom (the bottom is a totally nonadsorbing surface).
Note that βj < 0 corresponds to the regime of disturbing the deposits at the bottom. It is not considered in
this paper.

In what follows, we use the following assumptions.
Assumption 1. The depth of the water body varies relatively slowly:

Assumption 2. The shallow water approximation is used, and the vertical turbulent diffusivity Kz in the
entire considered domain can be represented as Kz = u∗HK(ξ) with ξ = z/H, where the constant u∗ is the

characteristic vertical diffusion rate, which can sometimes be identified with the friction velocity in the
bottom boundary layer; ξ is the dimensionless vertical coordinate; and K(ξ) is the nondimensional vertical
turbulent diffusivity.

Assumption 3. The components ui of the horizontal velocity u are independent of z; i.e., they are rep�
resented as ui = (x, t).

Assumption 4. The components  of the horizontal turbulent suspension flux as a function of C j are

given by linear operators independent of z:  = . We use the hypothesis of gradient horizontal tur�

bulent transfer, which is traditional for the problem in question:  = – (x, t)∂C j/∂xi, where  is the ver�
tically averaged horizontal turbulent diffusivity. In the case of free horizontal turbulence, however, this

hypothesis may be physically unjustified, and the operators [C j], though linear, may have a more com�
plex structure (see [5, 6]).

For a time�dependent current velocity u, Assumption 2, which states that the friction velocity in the
boundary layer at the bottom of the reservoir is constant in the entire computational domain, is rather
restrictive. This assumption holds, for example, if the characteristic time of varying the horizontal current
speed exceeds the time required for scattering a pollution cloud. It can be assumed that this assumption
also holds approximately on the oceanic shelf when the current is caused by tidal processes, the eccentric�
ity of the current velocity hodograph is not high, and the current speed does not vary too strongly.

Assumptions 3 and 4 seem relatively severe. However, as a rule, there is no detailed information on the
spatial distribution of the current velocity in practice. Moreover, the velocity field u required for comput�
ing suspension transport is frequently obtained by numerical simulation based on the two�dimensional
shallow water equations. The corresponding numerical results, which, strictly speaking, are also based on
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Assumption 1, reproduce only vertically averaged distributions of the horizontal current velocity in the
area of water.

Due to the assumptions made, uz in (2.1) can be neglected in the first approximation and the problem
can be represented in a form similar to (1.1) and (1.2):

(2.3)

Here, H(0) is the depth of the water body at the discharge point, ξ0 is the dimensionless vertical coor�
dinate of the suspension source, and εj is a dimensionless parameter equal to the ratio of the particle dep�
osition rate to the characteristic velocity of vertical turbulent diffusion. In practice, the values of this
parameter can vary widely. The limit εj  0 corresponds to the case of a fine�particle nondepositing (so�
called conservative) suspension. When εj  ∞ (large�particle suspension), vertical turbulent mixing can
be ignored.

The operator of averaging concentrations over the depth is defined in the usual manner as

(2.4)

Here, the nonnegative function G(ξ) is the averaging kernel. Specifically, if G ≡ 1, then  are the
depth�averaged concentrations used in (1.1), (1.2).

Below, we formulate the equations and initial conditions for the total concentration  =  if the
function G does not vanish on the interval [0, 1].

3. EXPANSION OVER VERTICAL DIFFUSION MODES

Consider the eigenvalue problem

(3.1а)

(3.1b)

By multiplying both sides of Eq. (3.1a) by

,

problem (3.1) can be reduced to the classical Sturm–Liouville eigenvalue problem for the equation

with boundary conditions (3.1b).

It is well known (see, e.g., [10]) that, for p j(ξ) ≥ const > 0,
1
 this problem has a countable set of simple

nonnegative eigenvalues  = (εj, βj), (n = 0, 1, …) that depend on the parameters εj and βj (it is

1  In some cases, the coefficients may have singularities (specifically, vanish) at the endpoints of the interval 0 < ξ < 1. 
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assumed below that  are arranged in increasing order). Moreover, the eigenfunctions  = (ξ; εj, βj),
which are referred to hereafter as vertical diffusion modes, form a complete system and satisfy the orthog�
onality relation

(3.2)

where δnm is the Kronecker delta.

A solution to problem (2.3) is sought in the form of the series

(3.3)

Substituting (3.3) into (2.3) and using orthogonality relation (3.2), in view of (3.1a), we easily obtain

equations for the expansion coefficients :

(3.4)

According to (3.3), the depth�averaged total concentration distribution  can be found as follows:

(3.5)

4. LONG�TIME ASYMPTOTICS

It can be seen that the solutions to problems (3.4) tend exponentially to zero as t  ∞. The slowest

decaying components  in (3.3) correspond to the minimum eigenvalues , which can be called the
dimensionless hydraulic coarseness of fraction j with allowance for vertical turbulent exchange (see (1.2)).

In other words, as t  ∞, the leading term in (3.5) is that with the fraction index j = jm, for which  is
minimal. Note that the index jm not necessarily corresponds to the fraction with the minimum hydraulic

coarseness (i.e., with the minimum value of εj) since  also depends on βj, which takes into account the
interaction of the depositing suspension with the bottom.

In the general case, the vertical diffusivity K(ξ) has an inhomogeneous distribution over depth and
eigenvalue problem (3.1) can be solved only by numerical methods. However, when K = 1, the problem
has the analytical solution

Here,  are the positive roots of the equation
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For βj > 0, this equation has a countable set of positive roots separated roughly by π with the minimum

positive root  lying in the range 0 <  < π.

For fixed βj and εj  0, the principal eigenvalue  has the asymptotic expansion

(4.1)

which is not regular as βj  ∞. Without performing a detailed analysis, we indicate that, for βj = ∞ (a
completely adsorbing bottom surface) and εj  0, we have

(4.2)

Figure 1 shows the plots of (εj) for βj = 1 (curve with triangles) and βj = ∞ (curve with squares) and
asymptotics (4.1) and (4.2) (dashed curves).

In view of the above analysis, in some cases, the shape of the pollution plume at a sufficiently
long time after a pollutant discharge can be found by the numerical integration of the two�dimen�

sional advection–diffusion equation (3.4) for the fraction that minimizes . However, if we need
to compute the total amount of suspension deposited on the bottom and the suspension concen�
trations over the entire time interval of plume existence, then series (3.3) and (3.5) have to be
summed. An analysis of the case of K = 1 shows that, for εj < 1, series (3.3) and the inner series in
(3.5) are well summable, so, for small εj, it is sufficient to retain only the principal diffusion mode

 in these expansions. However, the convergence of the series degrades tremendously with
increasing εj and decreasing t. This is not surprising, since problem (2.3) degenerates in the limit
as εj  ∞. Fortunately, there is a technique for overcoming this difficulty.
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5. EQUATION FOR THE DEPTH�AVERAGED CONCENTRATION OF SUSPENDED 
SUBSTANCES IN A CONSTANT�DEPTH WATER BODY

Applying summation operator (3.5) to Eqs. (3.4) yields the following relations for the depth�averaged

suspension concentration :
2
 

(5.1а)

(5.1b)

Here, M is the total initial mass of pollutants and W can be called the effective hydraulic coarseness of
the suspension (w is the dimensionless effective hydraulic coarseness).

For a constant�depth water body with H = const, we show that w is independent of x but is a function
of t and describe a technique for determining w.

In the case under study, it is easy to see that the solutions to problems (3.4) can be represented as

(5.2)

Here, the function C0 independent of j or n describes the conservative dispersion of a cloud of unit mass
and satisfies the equation

(5.3)

Substituting (5.2) into (5.1b) gives

(5.4)

As was mentioned above, for arbitrary εj and t, the inner series in (5.4) are poorly summable and
attempts to determine w(t) by solving eigenvalue problem (3.1) and applying summation (5.4) fail. How�

ever, this function is independent of the current velocity u or the horizontal diffusive flux components .
Therefore, it can be found by integrating the following collection of one�dimensional evolution problems
(see (2.3)), averaging their solutions over ξ, summing up the results over the fraction index j, and comput�
ing the logarithmic derivative:

(5.5)

It is easy to see that w thus determined depends on the initial disperse composition of the suspension
determined by εj and Mj, on the nondimensional mass release coefficient βj, and on the parameter ξ0 spec�
ifying the location of the suspension source over the bottom. Moreover, w also depends on the concentra�
tion�averaging method in the vertical direction (i.e., on the chosen form of G(ξ)).

Thus, for a constant�depth water body, the computation of the vertically averaged dispersion of a poly�
disperse suspension with N fractions is reduced to solving N one�dimensional evolution problems (5.5)
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and, then, one two�dimensional evolution problem (5.1a). The solution of the latter is given by the for�
mula

Importantly, for a time�continuous and/or spatially distributed source with a constant disperse com�
position, evolution problems (5.5) can be solved only once.

6. TRAJECTORY APPROXIMATION FOR THE CASE OF A VARIABLE�DEPTH WATER BODY

In the general case, when the depth H is not a constant, the solutions to problems (3.4) cannot be rep�
resented in the form of (5.2). Therefore, strictly speaking, the above approach does not apply. However,
we can propose an approximate method associated with the concept of the trajectory of a suspension
cloud. This method is applicable assuming that the depth of the water body varies little at distances on the
order of the characteristic length of the evolving cloud.

The trajectory of motion of the cloud center x0(t) is defined in the usual manner as dx0/dt = u(x0, t),
x0(0) = 0. Let H0(t) = H(x0(t)) be the time�varying depth of the water body at the center of the cloud.

Under the assumption formulated above, the solutions to problems (3.4) can be approximately repre�
sented as

(6.1)

where µ0 is a compactly supported function satisfying Eq. (5.3).

Indeed, substituting (6.1) into (3.4), we obtain

(6.2)

Let the characteristic half�width of µ0 be σ(t) and be small in comparison with the characteristic length
scale of variations in the reservoir depth. Then the right�hand side of (6.2) is estimated by the small value

If approximate representation (6.1) can be used, then all the arguments presented in Section 5 are
valid. Specifically, we have Eqs. (5.1a) and (5.5) with H replaced by H0(t).

In this case, w(t) becomes depending on the trajectory of the suspension cloud. However, as before, for
a time�continuous and/or spatially distributed source, evolution problems (5.5) are solved only once.
Indeed, making in (5.5) the substitutions

we obtain

(6.3)

The standard function w(τ) thus defined is independent of the trajectory of the suspension cloud.
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To conclude, we note that, when vertical turbulent mixing can be neglected, W in Eq. (5.1a) must be
calculated by the formula

7. EXAMPLES OF COMPUTING THE EFFECTIVE HYDRAULIC COARSENESS 
OF A POLYDISPERSE SUSPENSION

As an illustration, we computed the effective hydraulic coarseness of an actual polydisperse suspension,
namely, light sandy loam, which is met in dredging operations. Its initial disperse composition, the
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Table

Fraction
index j

Particle size
range, mm

Mean diameter
Dj, mm

Mass fraction in 
discharge Mj, %

Hydraulic coarse�
ness Wj, m/s εj

>40 0.00

1 40–20 30 1.65 9.845E–01 1.969E+01

2 20–10 15 1.28 6.955E–01 1.391E+01

3 10.0–5.0 7.5 2.17 4.906E–01 9.812E+00

4 5.0–2.0 3.5 2.28 3.323E–01 6.647E+00

5 2.0–1.0 1.5 2.56 2.109E–01 4.217E+00

6 1.0–0.5 0.75 4.58 1.377E–01 2.754E+00

7 0.5–0.25 0.375 8.87 7.823E–02 1.565E+00

8 0.25–0.1 0.175 10.25 2.921E–02 5.841E–01

9 0.1–0.05 0.075 11.56 6.216E–03 1.243E–01

10 0.05–0.01 0.03 21.25 1.010E–03 2.019E–02

11 0.01–0.005 0.0075 15.10 6.316E–05 1.263E–03

12 <0.005 18.45 0.000E+00 0.000E+00
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hydraulic coarseness of the components, and the values of εj are presented in the table. To compute εj, the
friction velocity at the bottom was specified as u∗ = 0.05 m/s. The dispersion of the finest fraction with the

particle diameter Dj < 0.005 mm was treated as conservative; i.e., we set Wj = 0.

The dimensionless profile of the vertical turbulent diffusivity was specified by the following expression

(see, e.g., [11, 12])
3
:

(7.1)

Here, δ is a small parameter equal to the ratio of the dimensionless bottom roughness to the depth.

3 Note that the vertical coordinate z in [11, 12] was measured from the bottom to the reservoir surface.
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In the computations, we set δ = 0.01. The dimensionless vertical coordinate of the suspension source
was ξ0 = 0.1. We determined the effective hydraulic coarseness of the suspension corresponding to the ver�
tically averaged concentration of suspended substances (G(ξ) = 1).

Problem (6.3) was numerically integrated using an implicit conservative difference scheme, which was
solved by tridiagonal Gaussian elimination. The computations were performed for the following two cases:

(i) The bottom is completely adsorbing; i.e., βj = ∞ for all the suspension fractions (see Fig. 2).

(ii) There are no diffusive fluxes at the bottom; i.e., βj = 1 for all the fractions (see Fig. 3).

Both figures show the calculated dynamics of (τ) (curves with squares) and w(τ). The solid curves
correspond to the polydisperse suspension presented in the table. The dashed curves depict the results
obtained for the monodisperse suspension corresponding to the largest fraction in the table (j = 1). The
dotted curves correspond to a monodisperse conservative suspension (j = 12 in the table) in Fig. 2. In Fig. 3, they
depict the results for the monodisperse suspension corresponding to the finest nonconservative fraction
(j = 11 in the table).

It can be seen that, at the initial times τ, the mean mass (τ) of suspended particles does not vary, since
some time is required for a compact suspension cloud to achieve the bottom of the water body. Therefore,
w(τ) = 0. The subsequent evolution of (τ) and w(τ) is associated with the consecutive deposition of various
suspension fractions on the bottom. In the case of a completely adsorbing bottom (see Fig. 2) as τ  ∞, the
evolution of these functions is determined by the conservative suspension component adsorbed by the bot�
tom. In the case of no diffusive fluxes to the bottom (Fig. 3), the conservative component is not adsorbed
and this fraction always remains in a suspended state, so that w(τ) = 0 for sufficiently long times τ.

For test purposes, we also considered the case of a constant vertical turbulent diffusivity

(7.2)

The numerical results are presented in Fig. 4. The solid curves correspond to βj = ∞, and the dashed
curves, to βj = 1. The case of the vertical diffusivity given by (7.1) is shown by curves without markers,
while the curves with markers correspond to the averaged vertical diffusivity (7.2). For βj = 1, the curves
nearly coincide. As was expected, noticeable differences are observed only when the evolution of (τ) and
w(τ) is determined by the diffusion of the suspension to the bottom (βj = ∞). In the case of no diffusive
fluxes, the curves coincide, which can be explained as follows: on the one hand, vertical diffusion is neg�
ligible for large fractions; on the other hand, in the case of fine fractions at βj = 1, this process ensures
intense turbulent mixing of the suspension regardless of the vertical diffusivity profile.

8. CONCLUSIONS

It was shown that, even if vertical turbulent exchange has a large effect, the problem of computing the
evolution of polydisperse suspended pollutants produced by an instantaneous point source in shallow
water bodies can be reduced to the integration of N one�dimensional evolution problems (N is the number
of suspension fractions) and to the solution of one two�dimensional problem. This result can be used to
design efficient numerical methods intended for the mathematical modeling of the dispersion of a suspen�
sion produced by a time�continuous and/or spatially distributed source of water pollution.

The concept of effective hydraulic coarseness, which takes into account the adsorption properties of
the bottom, can be used to compute pollutant dispersion in rivers, where the flow is frequently simulated
using the one�dimensional Saint�Venant equations (see, e.g., [13]). The approach described can be useful
for the development of prognostic mathematical models for urban air quality dynamics based on the
advection–diffusion equation when detailed three�dimensional simulation (see, e.g., [14, 15]) is impos�
sible.
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INTRODUCTION

The numerical solution of the equations describing the flow of high�temperature multicomponent gas
mixtures usually faces a number of serious problems. The first is related to the computation of concentra�
tion profiles for chemical elements and is easy to solve only in the case of diffusion mass transfer in the
binary approximation. In more rigorous approaches to the description of diffusion, the convergence of the
iterative process used to determine the concentrations of chemical elements is a nontrivial problem (it has
to be solved even in the case of air boundary layers, because of the diffusion separation of chemical ele�
ments [1]).

Another problem is associated with the convergence of the iterations used between the solution of the
momentum and energy conservation equations, on the one hand, and the equations for determining the
chemical composition of the gas mixture, on the other hand. The fact is that these systems of equations
are highly coupled, since the composition of the gas mixture is uniquely determined by the gas tempera�
ture, which, in turn, is considerably affected by the heat release associated with chemical reactions pro�
ceeding between the mixture components and diffusion heat transfer.

For these problems, we develop effective solution approaches that can be for wide applications.
It should be noted that examples of solving such problems can be found in numerous publications (see,

e.g., [2, 3]). However, the methodology of deriving a solution has received little attention.

1. METHOD FOR COMPUTING CONCENTRATIONS OF CHEMICAL ELEMENTS

The approach proposed in this paper is illustrated by solving the self�similar problem of the laminar
flow of an unionized multicomponent gas mixture near the stagnation point of a spherical body.

Diffusion mass transfer in the gas is described by the Stefan–Maxwell equations (see [1, 4]):

(1.1)

Here, κi, Ji, and Mi are the molar concentration, diffusive mass flux, and molar mass of the ith species
in the mixture; Di, j is the binary diffusivity of the ith species in the jth species; ρe, µe, and ue, x are the den�
sity, dynamic viscosity, and velocity gradient on the outer edge of the boundary layer; M and ρ are the
molar mass and density of the mixture; and n is the number of species in the mixture.
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The index η denotes differentiation with respect to the Lees–Dorodnicyn self�similar coordinate η,
and the nth species is understood as a neutral component (for example, argon).

Then, eliminating κn and Jn from (1.1) with the help of the Dalton equation and the condition that the
diffusive mass fluxes of the components add up to zero, we use the equation of state and introduce the
notation

(1.2)

to obtain

(1.3)

Here, Run is the universal gas constant.

In turn, the chemical composition of the mixture in thermochemical equilibrium is uniquely deter�

mined by the temperature T, pressure P, and concentrations  of the chemical elements, where k =

, and m is the number of chemical elements forming the species in the mixture. Here, the mth
chemical element is that forming the nth neutral component.

Then we can write κi(η) = κi[ (η), …, (η), T(η), P(η)] and

(1.4)

Here, the indices Ck, T, and P denote the partial derivatives of corresponding functions with respect to

, T, and P.

Substituting (1.4) into (1.3) yields a system of algebraic equations for determining the diffusive mass
fluxes of the species as functions of the concentration derivatives with respect to η:

(1.5)

In problems related to the boundary layer theory, the derivative Pη is usually neglected, but the method
in question is intended for a wider class of problems.

The computational method proposed is based on a specialized thermodynamic software code that (in
contrast to similar standard codes) determines not only the species concentrations but also their partial
(first, second, and mixed) derivatives with respect to all the arguments (i.e., with respect to the tempera�
ture, pressure, and concentrations of the chemical elements).

By applying this code, system (1.5) can be linearized to the zeroth order about the initial approxima�
tion for the concentrations of the chemical elements. The linearized system of equations is solved, for
example, by Gaussian elimination, and the resulting solution is written as
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As a result, the diffusive mass fluxes  of the chemical elements can be written as functions of the con�
centration derivatives:

(1.6)

Here, νl, i is the mass content of the lth chemical element in the ith species.
Solving the system of linear algebraic equations (1.6) yields the concentration derivatives of the chem�

ical elements as functions of their diffusive mass fluxes:

(1.7)

Relations (1.7) are supplemented by the mass conservation equations for the chemical elements:

where f is the dimensionless stream function. As a result, for determining the iterative values of the con�
centrations and diffusive mass fluxes of the chemical elements, we obtain a boundary value problem based
on a system of first�order ordinary differential equations solved for the derivatives. This problem can be
solved by any standard technique. We used the method of fundamental functions (see, e.g., [5]) combined
with the fourth�order Runge–Kutta method [6], in which the prescribed accuracy of the desired solution
was ensured by an automatic step size choice procedure.

It will be shown below that, for boundary layer problems, this technique ensures the quadratic conver�
gence of the iterative process for determining the concentration profiles and diffusive mass fluxes corre�
sponding to a given function T(η). We can hope that a similar pattern is observed for nonzero derivatives
of P(η).

2. COMBINED SOLUTION OF THE ENERGY CONSERVATION 
EQUATIONS AND THE CHEMICAL COMPOSITION EQUATIONS

The momentum, energy, and mass conservation equations for the mixture species can be written as

(2.1)

(2.2)

Here, Ci, cp, i, ωi, and hi are the mass concentration, specific heat capacity at constant pressure, the
mass production rate due to chemical reactions, and the enthalpy of the ith species; and cp, µ, and λ are
the specific heat capacity at constant pressure, dynamic viscosity, and the molecular thermal conductivity
of the mixture.

Then the intensity of heat absorption due to chemical reactions can be written as

(2.3)

The iterative process between consecutive solutions of the momentum and energy conservation equa�
tions, on the one hand, and the chemical composition equations, on the other hand, is organized so that
the temperature derivatives are extracted from Ji, Ji, η and Ci, η; i.e., the latter are represented as

(2.4)

(2.5)

(2.6)

This problem is solved as follows.
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The derivatives of the diffusive mass fluxes of the mixture species are determined by differentiating sys�
tem (1.5) with respect to η. Then, representing κi, ηη in the form

where

we obtain

(2.7)

The concentration profiles of the chemical elements are determined by the iterative procedure
described above, while the molar concentrations of the species and all their partial derivatives are calcu�
lated using the thermodynamic code.

In turn, according to (1.2), if j ≠ i, we have

The binary diffusivities of the species depend only on temperature and pressure (see [4]), and

Then, by using (1.4), the general formula for computing Wi, j, η can be rewritten as
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In view of the notation introduced, system (2.7) becomes

Solving these set of systems of linear algebraic equations by any standard method (for example, by
Gaussian elimination), we uniquely determine the coefficients αi, βi, γi, and δi in (2.4).

By analogy with (1.4), we can write

(2.8)

A comparison of (2.5) with (2.8) gives the formulas

The coefficients in (2.6) are uniquely determined by solving the set of systems of linear algebraic equa�
tions (1.5), for example, by applying Gaussian elimination.

Substituting expansions (2.4) and (2.5) into (2.3) yields

By combining this expression (for the heat release intensity due to chemical reactions) with (2.6),
Eq. (2.2) takes the final form

(2.9)

Given boundary conditions on the surface of the body, at every outer iteration, the initial approxima�
tions to the unknown functions f(η) and T(η) are used to calculate the concentrations of the chemical ele�
ments. Next, we find the functions characterizing the chemical composition of the mixture and all the
coefficients of Eq. (2.9) depending on it. Finally, the iterative values of fit(η) and Tit(η) are determined by
solving Eqs. (2.1) and (2.9).

In the transition from the kth iteration to the next one, the outer process makes use of the weighted
scheme

(2.10)

Here, W is the current value of the weighting coefficient; Wmax is its maximum possible value; D is the
current mismatch of the initial approximation; Dmax is its maximum possible value, at which the maximum
value of W is used; and min(a, b) denotes the minimum among a and b.
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3. EXAMPLE OF CONVERGENCE OF ITERATIVE PROCESSES

The convergence of the iterative processes described above is illustrated by computing the airflow past
a carbon sphere of radius 0.1 m at various Mach numbers М∞. The pressure in the boundary layer was
1 atm, and the carbon ablation was based on the complete thermochemical destruction model described
in [7].

First, the results showed that the convergence of the iterative processes degrades substantially when the
squared temperature derivative with respect to η is extracted in (2.4). Accordingly, all the results presented
below were obtained in the case of (2.4) replaced by the decomposition

Figures 1 and 2 show the initial approximations of T(η) and (η) (dashed lines) (which were con�
structed using the analogy between heat and mass transfer) and the corresponding numerical solutions
(solid lines) for (a) M∞ = 25 and (b) M∞ = 6.

Figure 3 demonstrates the convergence of the iterative process used to compute the concentrations of
the chemical elements. The convergence of the outer iterative process between the computation of
dynamic and thermal flow characteristics, on the one hand, and the chemical gas composition, on the other
hand, at the same Mach numbers is shown in Fig. 4. This figure also presents the weighting coefficient used to
compute the initial approximation to the temperature profile at the next iteration by formula (2.10) depending
on the iteration number.
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Here, i is the iteration number, Dm is the maximum relative error in the computed concentrations of
the chemical elements, Dmax is the maximum relative error in the unknown functions computed in the
outer iterative process (line 1), and W is the current weighting coefficient (line 2).

The numerical results suggest that the approach proposed for solving the equilibrium boundary layer
equations ensures the fast convergence of the corresponding iterative processes.
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INTRODUCTION

In the framework of the algebraic approach to pattern recognition proposed by Zhuravlev, it was shown
that simple algebraic operations over the algorithms based on incorrect (heuristic) algorithms make it pos�
sible to construct correct algorithmic compositions. The base algorithms can be described in the model of
estimation algorithms proposed by Zhuravlev. For the case of the problems with nonoverlapping classes,
we study the question concerning the sufficiency of the compositions that can be obtained by an arbitrary
degree algebraic closure of the model of estimation algorithms (EAs) for the correct classification of a test
sample for a given set of training objects. The case of the linear closure of the EA model is considered sep�
arately. A sharp estimate of the degree of the algebraic closure that is sufficient for the construction of a
correct classifier in an arbitrary regular problem is obtained.

1. STATEMENT OF THE PROBLEM: BASIC DEFINITIONS 
AND REPRESENTATION OF RECOGNIZING OPERATORS

Consider the pattern recognition problem with two nonoverlapping classes in the classical statement
[1, 2]. The set of admissible objects is a union of nonempty nonoverlapping classes

 = ∅, (1)

where Mi is the set of values of feature i equipped with the semimetric ρi. Every admissible object is defined
by its standard feature description I(S) = (a1(S), …, an(S)), where ai ∈ Mi, i ∈ {1, 2, …, n}. Each admissible
object S is assigned a genuine Boolean information vector α(S) = (α1(S), …, αl(S)), where αi(S) are the
values of the predicate S ∈ Ki for i ∈ {1, 2, …, l}. The genuine standard information is defined as the col�
lection of the sets (I(S1), …, I(Sm)) and (α(S1), …, α(Sm)) of the complete standard descriptions of the
training objects and their genuine information vectors.

The pattern recognition problem is to construct an algorithm А such that

for the genuine standard information I0(K1, …, Kl).

The algorithms in the EA model we want to examine are a superposition of a recognizing operator and
a decision rule. The recognizing operator calculates estimates of the distances from the objects to the
classes, and the decision rule classifies the objects on the basis of these estimates.

M Ki
i 1=

l

∪ M1 … Mn, Ki Kj∩××⊆=

A I0 K1 … Kl, ,( ) I S( ),( ) αA
S( ) α1

A
S( ) … αl

A
S( ), ,( ), where αA

S( )≡ α S( ), S M,∈= =
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The recognizing operator B in the EA model calculates an estimate of the distance from the object i to
the class j using the following formula proposed in [2]:

here, x0, x1 ∈ {0, 1}; N0( j) and N1( j) are normalizing coefficients; {S1, …, Sm} =  is the set of training

objects; {S1, …, Sq} =  is the test sample; K1, …, Kl are the classes of objects defined in (1); ΩA is the

system of support sets (the set of subsets of {1, 2, …, n}); ω(Ω) ∈ �
+
 is the weight of the support set formed

by the weights of the features belonging to Ω; ωt are the weights of the admissible objects; and (St, Si)
is the binary proximity function of which the value is determined on the basis of the analysis of the simi�
larity between the descriptions of the objects St and Si.

The proximity function (see [2] for details) is determined by the parameters  = (ε1, …, εn), where εi ∈

�
+

 for any i ∈ {1, 2, …, n}, which indicate the accuracy of measuring the features; in the most general case,
it also depends on the integer nonnegative parameters q1 and q2:

(2)

It was proved in [1] that an arbitrary proximity function defined by Eq. (2) is a linear combination of
binary proximity functions

, (3)

when the parameters  = ( , Ω) are chosen appropriately. The functions defined by Eq. (3) are denoted

by B[ ] : B[ ] = . Therefore, in the analysis of the closures of the EA model, one can consider
only the proximity functions of this type.

Consider the function

(4)

It was proved in [1] that, for an arbitrary  = (ε1, …, εn) and an arbitrary finite set of admissible objects, a

small vector  ' with positive components can be found such that, for every δ < δ', every term on the right�
hand side of (4) is independent of δ. Therefore, the function ∆δ[ ] is also independent of small values of δ. It
is called a labeling function and is denoted by ∆[ ]:

Let Et( ) = {S ∈ M : (St, S) = }. In the same book [1], the following propositions are proved.

Theorem 1. For any finite set of admissible objects , there exists a real (rational) vector (δ1, …, δn) (δi > 0,

i ∈ {1, 2, …, n}) such that, for any object, we have S ∈  : ∆[ ](St, S) = 1 ⇔ S ∈ Et( ).

Theorem 2. Let М be a finite set. Then, 

where P = { (St, S) : S ∈ M, ρi(ai(St), ai(S)) ≤ εi ∀i ∈ {1, 2, …, n}}.

Γi j B[ ]
x1

N1 j( )
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⎨
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n
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Define the set of labeling operators D* =  as follows (the correctness of this definition

was proved in [1]):

(5)

(6)

By the product of two vectors α ⊗ β = αт ⊗ β, where α = (α1, …, αl)
т, and β = (β1, …, βq)

т, we mean

the matrix А = ||aij || ∈ �
ql

 : aij = αiβj. By the product of two matrices A � B, where A = ||aij || ∈ �
ql

 and B = ||bij ||

∈ �
ql

, we mean the matrix C = ||cij || ∈ �
ql

 : cij = aijbij. The properties of these operations are thoroughly
considered in [1]. In this paper, the properties of the operations ⊗ and � are used without explanations.

In formulas (5) and (6), we use the following notation:

for

Let P(t) =  = { , …, } and |P(t)| = p(t). Assume that p = . From the

binary vectors ∆t[ ], we compose the matrices

(7)

(8)

Theorem 3. The set of the estimation matrices for the operators in L(B*) coincides with the set of estimation

matrices in L(D*); that is, it coincides with the set of linear combinations of the matrices  ⊗ (  � )

in which  is a column in the matrix Θt defined by Eq. (7); here, t ∈ {1, 2, …, m} and d ∈ {0, 1}.

Below, we only consider the operators with fixed weight parameters ω(Ω), ωt, and normalizations

( j). To simplify certain implications, we assume that all these parameters are equal to unity. However,
all the results proved below remain valid for arbitrary fixed weights and normalizations.

Definition 1. The model of recognizing operators R* is said to be correct for the recognition problem

Z = (I0, ) if

Definition 2. The recognition problem (I0, ) is said to be regular if the following conditions are sat�
isfied:

 = ∅, (9)

(10)

(11)

Below, we only consider regular recognition problems when the linear and algebraic closures of the EA
model of an arbitrary degree are examined. Note that, due to (1), condition (10) is automatically fulfilled
for the problems with nonempty nonoverlapping classes.

2. LINEAR CLOSURE OF THE MODEL

Consider the linear closure of the EA model. Because this is the simplest closure, it is interesting to find
out if it is sufficient for constructing a correct algorithm for the given set of training and test objects. This
question was considered in many studies including [1–5]. However, the correctness conditions obtained
in those studies only reduce the problem to checking other, maybe more descriptive conditions. Unfortu�
nately, such conditions cannot be checked efficiently in most practical problems.

Dt d, ε̃[ ]{ }
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The main result obtained in this paper is the correctness criterion for the linear closure of the EA model
that can be checked in polynomial time.

Let us define some concepts that are convenient for the further presentation.

Definition 3. The set of columns ∆[ ](St, Si) of the matrix Θ defined by Eq. (8) for which St ∈ Kj is
called the representation with respect to class Kj. The representation with respect to class Kj is denoted by

.

Where there is no source of confusion, we will interpret the representation as the matrix consisting of
the corresponding columns. The linear hull of a representation is defined as the linear closure of the cor�
responding set of vectors.

Definition 4. A representation is said to be complete if the vectors included in the representation form a
basis.

Definition 5. The union of the vectors included in the representations with respect to the classes K1, …,

Kt is called the representations with respect to the set of the classes K1, …, Kt. It is denoted by  ∪ … ∪

.

Theorem 4. The linear closure of the EA model is correct if and only if the condition

is fulfilled in the regular classification problem with nonoverlapping classes.

Proof. Necessity. Consider the representations with respect to the arbitrary classes , . For defi�

niteness, assume that j0 > i0. Assume that the linear closure of the EA model is correct and the condition
of the theorem is not satisfied; that is, assume that

(12)

Consider the following function of the vector  and of the columns i0 and j0 of the matrix Γ:

Under the assumptions of the theorem, any estimation matrix can be represented as a linear combination

of the matrices θjt ⊗ :

Note that the columns i0 and j0 in the matrix Γ2 are identical. Therefore, f(i0, j0, ( , …, ), Γ2)= 0.
Now, consider the terms of the sum constituting the matrix Γ1. Every column of the matrix θ ⊗ α, where
α is an arbitrary binary vector, either coincides with θ or is zero; therefore, condition (12) implies that

∀θ' ∈ col(θ' ⊗ α) : ( , θ') = 0, where θ ∈  ∪  and α ∈ { , , , }. (For an arbitrary matrix

M, col(M) denotes the set of its columns.) Therefore, the function f(i0, j0, ( , …, ), Γ1) = 0 due to the
linearity in the last argument. Hence, we have the following equality for the matrix Γ:

ε̃

Θ
Kj

Θ
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Θ
Kt

i∀ j : rank Θ
Ki Θ

Kj∪( )≠ q, i j, 1 l, ,= =
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For Γ, we take an arbitrary matrix that contains the only unity in the column i0 in the first row i for which

 ≠ 0 (the vector  is nonzero by condition). Then, we arrive at the contradiction.

Sufficiency. Case 1. Assume that all the representations , i ∈ {1, 2, …, l} have a non�full rank.

Denote by { } the basis of the orthogonal complement of the subspace spanned by the vectors included

in :

(13)

The representation  is of no full rank; therefore, rank({ }) ≥ 1 and, in addition, for the linear hulls

spanned by the corresponding sets of vectors, we have L( ) ⊕ L({ }) = �
q
 for (i ∈ {1, 2, …, l}. We show

that any vector that is orthogonal to all the vectors in the representation  is a linear combination of the

vectors of the representation with respect to the class  ∀j ≠ i. By the assumptions of the theorem, we
have

that is,

From this, we obtain

(14)

Now, we describe a method for constructing an algorithm producing an arbitrary matrix of estimates

Γ = ||γij || ∈ �
q × l

. The proof consists of four steps:

Step 1. Consider the basis { } defined by Eq. (13). For the matrix Γ, calculate the products of the vec�

tor  = { , …,  by each of the vectors of the basis { }:

………………………………………

Assume that at least one of these products is distinct from zero. Otherwise, if all these products are zero,

the vector  belongs to the space L( ), and steps (2) and (3) of the proof may be omitted.

Step 2. It follows from (14) that

moreover,

Step 3. Using the same notation as in the preceding step, we consider the matrix
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Θ
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where k is an arbitrary class index distinct from unity. Note that all the columns in Γ1, except for the first

one, consist of zeros, and the first column equals the vector  = ( , …, ) determined at the preceding
step.

Step 4. Repeating the reasoning used at steps 1–3 for the other classes, we obtain the set of matrices
Γ1, …, Γl such that only the ith column in Γi, i ∈ {1, 2, …, l} is distinct from zero, and it holds that

(15)

Consider the matrix Γ* = Γ – , and denote by  the ith column of Γ*. Due to (15), we have

Therefore, ∀i ∈ {1, 2, …, l}, we have  ∈ L( ). Hence,

(16)

Consider the matrices Γ*i defined by Eq. (16):

Note that each of the matrices  and  can be constructed in the linear closure of the EA
model; therefore, the matrices

being the sums of matrices belonging to the linear closure, can be constructed in this closure. Because Γ
was chosen arbitrarily, case 1 is completely proved.

Case 2. Some of the representations are of full rank. Let the representations with respect to the classes
, …,  have the full rank. It is clear that, in the linear closure of the EA model, an arbitrary classifica�

tion that does not change the entries of the estimation matrix in the other columns can be realized in the
columns i0, …, it. Therefore, case 2 is naturally reduced to case 1 for the problem with a smaller number
of classes. It remains to note that the validity of the theorem is obvious for the case of the problem with
two nonoverlapping classes and for the case when all the representations have the full rank. This completes
the proof of Theorem 4.

Remark 1. Note that a necessary condition for correctness is the full rank of the matrix Θ defined by
(8). In the case of two classes, this condition is also sufficient.

Remark 2. The proposed criterion can be efficiently checked in a time not exceeding O(mq2l2) in the
worst case. Here, m is the length of the training sample, q is the amount of test data, and l is the number
of classes. Indeed, the time needed to construct Θ defined by (8) is of order O(qm), and the check of the
criterion for the given pair of classes (i, j) does not exceed O(mq2). Since the number of pairs (i, j) is O(l2),
the total time does not exceed O(qm) + O(l2)O(mq2).

We illustrate the use of the proposed criterion by the following simple example.

Example 1. Consider the following problem defined by the set of training objects  and the set of test

objects 
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Furthermore, let the object S1 belong to the class K1, S2 to the class K2, and S3 to the class K3. In addition,
we assume that the metric in each feature space (the set of values of each feature is the set of integers) be
defined by ρ(x, y) = |x – y |. Let us calculate the sets of pairwise distances P(t), which define the matrix Θ
by formulas (7) and (8): P(1) = {(1, 1, 2), (3, 1, 2), (0, 0, 1)}, P(2) = {(1, 0, 2), (1, 2, 2), (2, 1, 1)} and P(3) =
(1, 2, 3), (3, 0, 3), (3, 2, 3), (0, 1, 2), (0, 1, 0)}.

Construct the matrix Θ, and find the representations with respect to each of the classes:

Consider the representation with respect to the classes K1 and K2. Note that the vector l = (0, 0, 0, 1, –1)
is orthogonal to all the vectors both in the representation with respect to the class K1 and with respect to

K2. Therefore, (rank(  ∪ ) < q; by the correctness criterion proved above, the linear closure of the
EA model is incorrect. Note that the second�degree closure for this problem is correct as will be proved in
the next section.

Assume that a new training object S4 = (2, 1, 0) such that S4 ∈ K2 is added. The set of the distances P(4)
defining the matrix Θ4 by formula (7) is P(4) = {(1, 1, 3), (2, 0, 2), (2, 0, 0)}. The matrix Θ and the repre�
sentation with respect to K2 (the representations with respect to the other classes do not change) take the
form

The equalities rank(  ∪ ) = rank(  ∪ ) = 5 are obvious. It remains to verify the equality

rank(  ∪ ) = 5. The vectors {e2, e4, e5} belong to , and the vector {e1} belongs to . The linear

hull of each of the representations contains the vector  = (1, 1, 1, 1, 1); therefore, rank(  ∪ ) =
q = 5, and the linear closure of the EA model is correct by Theorem 4.

3. ALGEBRAIC CLOSURE OF THE EA MODEL

The operation of the elementwise multiplication defined in Section 1 and applied to the matrices of
the operator estimates in the EA model naturally induces operations on recognizing operators. If B* = (B1,
…, Br) is the set of recognizing operators in the EA model, then the set of operators Uk(B*) of the algebraic
closure of the EA model of degree k is defined by

(17)

By the set of recognizing operators of the algebraic closure U(B*) of the EA model, we mean the union of
the operators belonging to the algebraic closure of the EA model of an arbitrary degree n, where n ∈ �:

Θ

1 0 0 1 0 0 1 0 0 0 0

0 1 0 0 1 0 0 1 0 0 0

0 1 0 1 0 0 0 0 1 0 0

0 0 1 0 0 1 0 0 0 1 0

0 0 1 0 0 1 0 0 0 0 1

,=

Θ
K1 1 0 0 0 0, , , ,( )т

0 1 1 0 0, , , ,( )т
0 0 0 1 1, , , ,( )т, ,{ },=

Θ
K2 1 0 1 0 0, , , ,( )т

0 1 0 0 0, , , ,( )т
0 0 0 1 1, , , ,( )т, ,{ },=

Θ
K3 1 0 0 0 0, , , ,( )т

0 1 0 0 0, , , ,( )т
0 0 1 0 0, , , ,( )т
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As we established in the preceding section, the linear closure of the EA model is incorrect for certain
training and test samples, which opens the question of the possibility to construct a classification in the
algebraic closures of the EA model. For the problems with nonoverlapping classes, we propose and prove
a criterion for the correctness of the algebraic closure of the EA model that completely solves this problem.

Note the following consequence of the correctness criterion of the EA model obtained in [2].

Theorem 5. The algebraic closure of the EA model in the regular problem Z = (I0, ) with nonoverlapping
classes is correct.

As was mentioned in Section 1, only regular problems are considered when the EA model and its clo�
sures are examined. Because the linear closures of the labeling operators D* = {Dt, d} and the operators B*
of the EA model are identical, formula (17) can be rewritten in the form

In [1], the matrix A =  was constructed. Here, At = [1…1]1 × l, for α(St) ∈ {(0, …, 0)1 × l, (1, …,

1)1 × l}; otherwise, At = , where (St) = (α1, …, αl), and  = (1 – α1, …, 1 – αl), t ∈ {1, 2,

…, m}).
Set

(18)

where the matrix Θt is defined by (7). Note that, for the types of problems under examination, equality
(18) can be rewritten in terms of the representations as

(19)

In [1], the following theorem was proved.
Theorem 6. The set of matrices of operator estimates belonging to Uk(B*) is the set of linear combinations

of the matrices (  � … � ) ⊗ (  � … � ), where ( , ), …, ( , ) ∈ V.

Note that (  � … � ) ⊗ (  � … � ) = Γ[D1 · … · Dk], where Γ[Di] = θi ⊗ αi ∀i ∈ {1, 2, …, k}.

Now, we give some definitions, and then formulate the correctness criterion for the algebraic closure
of degree k in terms of these definitions.

Definition 6. 1�closure [Θ] of the representation Θ is defined as the union of the set of vectors in Θ and
the vector of an appropriate length consisting of unities. The operation [·] of the 1�closure is the comple�
tion of a representation to its 1�closure.

Definition 7. A representation is said to be 1�closed (1�representation) if its 1�closure coincides with
the representation itself.

Definition 8. The product of the representations (1�representations) Θ1 � Θ2 is defined if the lengths of
the vectors constituting the representations are identical; in this case, the product is the set of vectors U
defined as

(20)

Definition 9. The degree k (k > 0) of the representation (1�representation) Θ is the set of vectors U
defined as

(21)

It is denoted by Θk.
The following theorems immediately follows from Definitions 6–8.
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Theorem 7. If the representations Θ1 and Θ2 are 1�representations, then the set U defined by (20) is a 1�
representation.

Theorem 8. If Θ is a 1�representation, then the set Θk defined by (21) also is a 1�representation.

The union of the representation Θ1 ∪ Θ2 is the representation with the set of vectors formed by the
union of the sets of vectors Θ1 and Θ2 without taking into account the multiplicities of their occurrences.

Theorem 9. For an arbitrary regular problem with nonoverlapping classes, the set of estimation matrices of

the operators from Uk(B*) is the set of linear combinations of the matrices of the form (  � … � ) ⊗ ,

where ( , ), …, ( , ) ∈ V, 

Proof. It follows from the equality  � … �  =  � … �  –  �  � … �  that any product

of the form  � … �  can be represented as a linear combination of the vectors , …, , , …, .

The application of Theorem 6 with regard for Eq. (19) completes the proof.

Theorem 10. For an arbitrary regular classification problem Z = (I0, ) with nonoverlapping classes, the
algebraic closure of the EA model of degree k is correct if and only if

Proof. Consider the set of vectors of the matrices defined in Theorem 9 of the form θ × , where

. Due to Theorem 9 and Eq. (19), the set of vectors {θ} forming these matrices in the algebraic

closure of degree k is  � [  ∪ … ∪ ]k – 1.

Therefore, the problem is reduced to the question of correctness of the linear closure in the recognition

problem Z ' = ( , ), which should be considered as a problem with nonoverlapping classes (due to The�
orem 9). Note that, in the proof of the correctness of the linear closure on the basis of regularity conditions
(9)–(11), only condition (10) was used. Moreover, any number of vectors in the representations with
respect to different classes were allowed to coincide. Condition (10) is satisfied due to the regularity of the

problem Z, and the representations of this problem are used to form the representations  of the prob�

lem Z ' by the formula  =  � [  ∪ … ∪ ]k – 1 ∀i ∈ {1, 2, …, l}. Application of Theorem 4 to
the problem Z ' completes the proof.

Corollary 1. It follows from Theorem 10 that a necessary condition for the correctness of the algebraic

closure of degree k is the equality rank([  ∪ … ∪ ]k) = rank([Θ]k) = q, while rank([  ∪ … ∪

]k – 1) = rank([Θ]k – 1) = q is a sufficient condition. In particular, the algebraic closure of degree two is
correct if rank([Θ]) = rank(Θ) = q. 

Proof. We prove that the condition rank([Θ]k – 1) = q is sufficient for the correctness of the algebraic

closure of degree k. Indeed, by the definition of the 1�representation, the 1�representation [  ∪ ] con�

tains a vector consisting of unities for any i and j; therefore, rank([  ∪ ] � [  ∪ … ∪ ]k – 1) ≥

rank([  ∪ … ∪ ]k – 1) = q, which implies the validity of the assertion.

Now, we prove the necessity of the condition rank([Θ]k) = q for the correctness of the algebraic closure

of degree k. Note that ∀i, j, we have rank([Θ]k) = rank([  ∪ … ∪ ]k) ≥ rank([  ∪ ] � [  ∪ …

∪ ]k – 1). Therefore, if the representation rank([Θ]k)has no full rank, the algebraic closure of degree k
is incorrect due to the correctness criterion.

Return to Example 1 considered in the preceding section; this example involves three training objects.
It was shown that the linear closure of the EA model is incorrect in this example. However, it follows from
Corollary 1 that the algebraic closure of degree two is correct.
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4. ESTIMATE OF THE DEGREE OF THE CORRECT ALGORITHM IN THE EA MODEL

We left open the question of the degree of the polynomial that is sufficient for the construction of a cor�

rect algorithm for an arbitrary regular problem Z = (I0, ) with nonoverlapping classes. In the case of an
arbitrary regular problem for l classes (without restrictions on the relationships between the classes), it was
shown in [1] that the unimprovable degree of the polynomial is exactly [log2q] + [log2l].

In this paper, we prove that, in the case of nonoverlapping classes, the degree of the correct polynomial
does not exceed I0(l = 2)[log2q] + I0(l > 2)[log2q] and, in addition, there exists a regular recognition prob�
lem in which the polynomial of a lower degree is insufficient for obtaining an arbitrary classification. Here,
I0 is the function defined by the equation

Definition 10. The binary matrix Hq × p is said to be mD�labelable if it can be represented as a set of

matrices , …,  : such that H = [H1…Hm], where each of the matrices Hi (i ∈ {1, 2, …, m}) does

not contain zero columns and each of its rows contains exactly one unity.
Note the following result obtained in [1], which plays an important role in the proof of Theorem 12.
Theorem 11. For an arbitrary mD�labelable matrix H, there exists a regular recognition problem in which

Θ = H (Θ is determined by Eq. (8)).
In [1], the following lemma was proved.
Lemma 1. Let all the rows in an mD�labelable matrix Θ be different. Then, any q�dimensional rational

(real) vector can be represented by the linear combination

 ⊆ col(Θ), 1 ≤ r(u) ≤ [log2q] for u ∈ X, where |X | < ∞. The estimate for r(u) is sharp.

Consider the family of matrices {Xn} : Xn = [x1…xn] ∈  ∀n ∈ � with the columns x1, …, xn in
which every row is the binary representation of its index. The matrix

(22)

is nD�labelable; therefore, by Theorem 11, it is the estimation matrix for the labeling operators of a certain

regular problem. It was proved in [1] that, in the problems in which the matrix  ∀n ∈ � is the matrix
defined by Eq. (8), the estimate of Lemma 1 is sharp. The following result is a consequence of Lemma 1.

Lemma 2. Let the binary matrix Θ with all the rows different be mD�labelable. Let [Θ] be the 1�closure of

the representation consisting of the columns of Θ. Then, we have rank( ) = q and, in addition,

∀q∃Θq : rank( ) < q.

Theorem 12. For an arbitrary regular problem with nonoverlapping classes, the algebraic closure

 of the EA model is correct, and this estimate is sharp.

Proof. Case 1. Let the number of classes be two. The algebraic closure of degree [log2q] is correct by
Theorem 10 if and only if

This equality holds true due to Lemma 2. The estimate is sharp due to the same lemma and Theorem 11.

Case 2. Let the number of classes be l > 2 and ∃n ∈ � such that 2n + 1 ≤ q < 2n + 1.

Sufficiency. In Case 2, we have [log2q] = [log2q] + 1 = n + 1. It follows from Lemma 2 that

rank( ) = n and, by Corollary 1, this equality is sufficient for the correctness of the closure of
degree n + 1.
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Necessity. Consider the case of three classes. Let  =  be the nD�labelable matrix
defined by Eq. (22) for which the degree r(u) = [log2q] – 1 = n is insufficient for the construction of a basis

in the space of columns (see Lemma 1). Consider the binary matrix A = , where

Observe that this matrix is (n + 2)�labelable and all its rows are distinct; therefore, due to Theorem 11,
there exists a regular recognition problem in which А plays the role of the matrix Θ defined by Eq. (8). Let
the objects S1, …, Sn determining the first 2n columns of А belong to the class K1; the object Sn + 1 deter�
mining the columns 2n + 1 and 2n + 2 belong to the class K2; and the training object Sn + 2 determining the

remaining submatrix belongs to the class K3. Therefore, the representation  with respect to K2 contains

only two vectors  and . The representation  = {(1, …, 1)}.

By Theorem 10, for the correctness of the algebraic closure of degree [logq], the following equality
must hold:

It follows from Lemma 2 that the representation [ ][logq] – 1 is of non�full rank; therefore, there exists

a nonzero vector  = ( , …, ) that is orthogonal to all the vectors of this representation. This implies

that the vector l = ( , …, , 0) is orthogonal to all the vectors of the representation [  ∪  ∪

][logq] – 1.

Consider an arbitrary vector θ ∈ [  ∪  ∪ ][logq] – 1 that has zero as its last component. It is

clear that the product of the vectors θ � θ1, where θ1 ∈  ∪ , is either a zero vector or a vector that

is identical to θ. Therefore, (θ � θ1, l) = 0. Moreover, (  � θ1, l) = 0 for θ1 ∈  ∪ ; this implies

that l is orthogonal to any vector in [  ∪ ] � [  ∪  ∪ ][logq] – 1, which completes the proof
for Case 2. Note that this construct can be easily generalized for the case of an arbitrary number of non�
overlapping classes for which there exists a regular problem. Indeed, it is sufficient that the matrix А be a

submatrix of the matrix Θ ∈ �
q × k

, where 2n < q < 2n + 1, the classes K2 and K3 consist of a single object
each, and the description of this object be induced by the description of the objects Sn + 1 and Sn + 2, respec�
tively.

Case 3. Let the number of clusters l > 2 and ∃n ∈ � ∪ {0} such that q = 2n.
In this case, we have [log2q] = [log22

n] = n.
Necessity. The necessity of the condition under examination follows from Lemma 2 and the necessary

condition for the correctness of the algebraic closure given in Corollary 1.
Sufficiency. Note that, if the number of training objects is 2n (n ∈ �) and the algebraic closure of degree

n – 1 is incorrect, the rank of the subspace that is orthogonal to any vector in [  ∪ … ∪ ][logq] – 1 is
one. Indeed, removing one test object, we obtain that, for the sample of length 2n – 1, a basis in the closure

of degree [log22
n – 1] = n – 1 can be obtained (by Lemma 2). Therefore, rank[  ∪ … ∪ ][logq] – 1 ≥ q.

Note that, for any nonzero vector inducing an orthogonal subspace, none of its components is zero
(indeed, if a component is zero, the corresponding test object can be arbitrarily classified).
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Thus, if the algebraic closure of degree n is incorrect for the regular recognition problem under exam�

ination, the set of vectors that are orthogonal to every vector in the representation [  ∪ … ∪ ]n – 1

forms a one�dimensional subspace and rank([  ∪ … ∪ ]n – 1) = q – 1.

If the closure of degree n is correct, then we have, for any ∀i, j : rank([  ∪ ] � [  ∪ … ∪ ]n – 1) =

n. Consider arbitrary classes  and . The problem is regular; therefore,  ≠ . Consequently,

∪  contains a vector that is distinct from  = (1, …, 1) and 0  = (0, …, 0). Denote it by . With�
out loss of generality, set |Ind( )| ≤ 2n – 1 (otherwise, its negation can be used as ). Rearrange the com�
ponents of the vector  in such a way that the first |Ind( )| ≤ 2n – 1 components contain unities and the
other components are zero. Rearrange the rows in the matrix Θ in the same fashion. (The length of  is
the same as the number of rows in the matrix Θ.) Below, Θ denotes the matrix with the rearranged rows.

It is clear that the linear closure of the set of vectors of the representation [  ∪ … ∪ ]n – 1 contains

a vector = (1, 0, …, 0, x), where x is a number determined by the vector . It remains to note that (  �

, ) = ( , ) ≠ 0; therefore, the representation [  ∪ ] � [  ∪ … ∪ ][logq] – 1 ∀i0, j0 ∈ {1, …, l} has

a greater rank than the representation [  ∪ … ∪ ][logq] – 1; that is, it is complete, which completes
the proof.

5. CONCLUSIONS

The correctness criteria for the linear closure and the algebraic closure of an arbitrary degree of the
family of EA algorithms with arbitrary fixed weights of the feasible objects, weights of the features and nor�
malizations (defined in [1]) are obtained. These criteria make it possible to efficiently find the minimal
sufficient degree of the algorithmic polynomial that can correctly classify the given test sample. In addi�
tion, it is shown that the degree of the closure that makes it possible to construct a correct classifier for an
arbitrary regular problem with nonoverlapping classes can be considerably reduced compared with the
general case (which is described, for example, in [1]).
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December 14, 2008, marked the 75th birthday of Aleksei Valerievich Zabrodin, a corresponding mem�
ber of the Russian Academy of Sciences, deputy director and a department head at the Keldysh Institute
of Applied Mathematics of the Russian Academy of Sciences, and the head of the Department of Com�
putational Mechanics at the Faculty of Mechanics and Mathematics of Moscow State University. To our
deep regret, he suddenly passed away on September 28 only a short time before his birthday anniversary,
and this anniversary article has become an obituary. The Russian science has lost a leading expert in com�
putational mathematics and its applications in mechanics and physics.

Zabrodin was born in Moscow on December 14, 1933, into a family of working intellectuals. His father
was an electrician engineer in the railway transportation system, and his mother was a schoolteacher. In
1951, he finished high school no. 317 in Moscow and entered the Faculty of Mechanics and Mathematics
of Moscow State University (MSU). Under the guidance of S.K. Godunov, he studied self�similar solu�
tions of gasdynamic equations, which are of interest as asymptotics in many applications. It is pertinent
to recall that the discussions of Zabrodin’s final study at a seminar of Academician L.I. Sedov led to the
coinage of a new term—transcendental self�similarity characteristic—which was related to the then
poorly studied class of self�similar problems.

In 1954, while a twenty�year student, Zabrodin joined the staff of the Keldysh Institute of Applied
Mathematics (IPM) (then it was the Department of Applied Mathematics at the Steklov Institute of
Mathematics of the USSR Academy of Sciences), and this step had predetermined his future career.
Begun as a student trainee study, his research concerning the numerical solution of continuum mechanics
problems absorbed his interest and became the business of his entire life. After graduating from the uni�

Aleksei Valerievich Zabrodin (1933–2008)
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versity in 1956, Zabrodin became a full�time employee at IPM, where he worked until his last days. The
institution became his second home. It comprised a team of young enthusiastic researchers who solved
important problems related to our country’s defense and, hence, independence. The scientific leaders
were outstanding mathematicians M.V. Keldysh, A.N. Tikhonov, and I.M. Gelfand. Problems were sug�
gested by famous physicists, such as I.V. Kurchatov, Yu.B. Khariton, Ya.B. Zeldovich, E.I. Zababakhin,
and A.D. Sakharov, who regularly attended IPM. In fact, the accomplishment of government tasks con�
tributed to the creation of a new research discipline, namely, computational mathematics in its modern
sense. The central place was occupied by the theory of finite difference schemes designed for solving non�
linear problems of mathematical physics. Simultaneously, electronic computers and programming sys�
tems were created and developed. In these circumstances, young employees quickly became experienced
professionals. One of them was Zabrodin, who had deep interest in scientific problems and their details,
huge diligence, and organizational grasp. He was interested in everything that happened at the institution:
organizational issues; public life, in which he took an active part; and, primarily, people with whom he was
acquainted, made friends, and spent his short leisure time.

Zabrodin’s first activities at IPM were related to the development of a software code for two�dimen�
sional gasdynamic computations. Its first version was launched in 1958. Specifically, this code served as a
prototype of another one for computing the supersonic steady flow past a sphere. The solution to this
problem was based on I.G. Petrovskii’s idea of using time marching and was published by a team of authors
(including Zabrodin) in 1961.

After completing his graduate study under the supervision of K.I. Babenko, in 1965 Zabrodin defended
his candidate’s dissertation. In 1978, he became a doctor of sciences. In 2000, he was elected a corre�
sponding member of the Russian Academy of Sciences.

Zabrodin’s science management abilities were early recognized. He guided a team of researchers who
solved a series of complicated applied problems. In 1966, Zabrodin was appointed the scientific secretary
of IPM and successfully worked in this challenging position for more than 10 years. Simultaneously, in
1969, he headed the hard�working Department of Computational Gas Dynamics, which was guided by
Godunov before his move to Novosibirsk.

An important role in stating applied computational problems at IPM was played by its cooperation with
the Sukhoi Research and Design Bureau performed by a group of departments under the guidance of
Babenko. Scientific and friendly relationships between these departments have been preserved until now.

In his later life, Zabrodin’s influence and the range of responsibilities extended substantially: he led a
large range of activities performed by several IPM departments. In 1994, he was appointed deputy director
of IPM. As scientific secretary of the Commission at the Presidium of the Russian Academy of Sciences
and the director of Keldysh’s memorial museum at IPM, he put much effort in perpetuating the memory
of Keldysh.

Gradually, Zabrodin scientific interests embraced problems going beyond direct activities of IPM. The
solution of key problems concerning scientific and technological progress in the various areas (nuclear
power engineering, aerospace technologies, molecular biology, etc.) required fast development of high�
performance computers. A promising direction was the creation of multiprocessor computer systems with
parallel computations and data processing. In the USSR, works in this direction were initiated in the 1980s
by Babenko, Zabrodin, and A.N. Myamlin. Later, the Complex Program of Developing Multiprocessor
Supercomputers and Parallel Computer Technologies was organized. The program is under development
as based on studies performed for justifying this initiative. The joint efforts of the “Kvant” Research Insti�
tute headed by V.K. Levin, the Keldysh Institute of Applied Mathematics, the Institute of Mathematics
and Mechanics of the Russian Academy of Sciences, and other organizations have led to the creation and
launching of MVS�100, MVS�1000, and MVS�1000M supercomputers. By combining the features of
computational algorithms and structural engineering solutions, performance of 1012 operations per sec�
ond has been achieved and a series of previously inaccessible fundamental and applied problems have been
solved. Zabrodin was one of the leaders of a program at the Presidium of the Russian Academy of Sciences
that joined supercomputer users from many institutions in different cities and ensured the financing of
works on parallel computations.

Zabrodin participated in publishing activities in areas close to his interests. He was deputy editor�in�
chief of the series Mathematical Simulation of Physical Processes in the journal Problems of Atomic Science
and Technology and served on the editorial board of the journal Mathematical Modeling.

Zabrodin’s pedagogical activities can be characterized, first, by his students who became candidates
and doctors of sciences under his supervision. Second, he worked as a professor at the Department of
Computational Mechanics created in 2000 at the MSU Faculty of Mechanics and Mathematics. In 2004,
after the death of its founder, V.P. Myasnikov, he was appointed the head of this department. Finally, for
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more than 20 years, Zabrodin supervised the All�Russia School–Conference “Theoretical Foundations
and Design of Numerical Algorithms for Problems of Mathematical Physics” dedicated to the memory of
Babenko. It was held every second year and provided the opportunity for skilled and authoritative experts
to share their knowledge and experience with young students. Even in the most difficult years, the orga�
nizing committee managed to attract a sufficient number of young scientists. The XVII Conference at
Abrau�Dyurso was the last business in Zabrodin’s life. During the conference, he was stricken by an illness
that led to his premature death on September 28, 2008.

Zabrodin’s scientific interests, activities, and heritage were related to computational mathematics and
its applications to modern scientific and engineering problems. First, this is concerned with the design of
numerical algorithms for complicated problems in physics and mechanics, their analysis, and implemen�
tation in particular problems. More specifically, we mean two� and three�dimensional nonlinear problems
in fluid and plasma dynamics. Due to the specific character of IPM works at the first stage, open publica�
tions were frequently not allowed. For this reason, only journal papers containing separate results on dif�
ference schemes could be found in the scientific literature of those years. In a more complete form, these
results and their generalizations were later summarized in the monograph Numerical Solution of Multidi�
mensional Gas Dynamic Problems (1976), which Zabrodin coauthored with Godunov, M.Ya. Ivanov,
A.N. Kraiko, and G.P. Prokopov. Some results can also be found in the book Theoretical Foundations and
Design of Numerical Algorithms for Problems in Mathematical Physics (1979) edited by Babenko.

It should be noted that a complete theoretical study of nonlinear problems, including convergence
analysis, is possible only in extremely rare cases. Accordingly, a major role is played by the intuition of
researchers and by deep knowledge of the physics of the phenomena under study.

Due to Zabrodin’s determination, active attitude, and huge amount of effort, the efficiency of the prin�
ciples and ideas that underlie algorithms and are implemented in software packages was confirmed in a
large number of various problems. Moreover, many of these problems could not be solved by any other
method despite much effort by various scientific teams.

Much of Zabrodin and his students' work was devoted to computational aerodynamics, i.e., to the
numerical solution of flow problems, which are now a necessary element in the design of new planes and
other airborne vehicles. According to Zabrodin, one of the most important requirements for modern tech�
niques was the adaptability of algorithms to the features of the analyzed flow. Depending on particular
conditions, i.e., even in nonstationary problems, it is reasonable to choose a computational strategy based
not only on shock�capturing explicit schemes but also, in some cases, on implicit ones. We mean situa�
tions when the stability condition imposes too restrictive constraints on the time step (for example, in the
computation of entropy layers or heat�conducting gas flows). At the same time, explicit shock�capturing
difference schemes are generally preferable as applied to computing flow subdomains containing numer�
ous unfitted strong discontinuities.

Since the early 1990s, studies related to the development of a cylindrical layered thermonuclear target
irradiated with heavy ions have been conducted at the Institute of Theoretical and Experimental Physics
and IPM. Zabrodin headed the mathematical simulation of physical processes accompanying the com�
bustion and compression of the target. A nontrivial continuum medium model with various temperatures
of ions, electrons, and photons was implemented. Special attention was given to the fundamental gas
dynamics problem of shock�free compression. It is well known that the compression of a substance by high
pressure generally leads to shock waves, at each of which the density can increase only a finite number of
times. An interesting idea is to produce more intense compression (in the limit, unbounded). Developing
the works by Zababakhin, A.F. Sidorov, etc., Zabrodin and G.V. Dolgoleva showed that a special regime
can be found for supplying energy to the system so that shock�free compression of the target with intense
parameters is possible. This result was summarized in the small book by Dolgoleva and Zabrodin Energy
Cumulation in Layered Systems and Implementation of Shock�Free Compression (2004).

After the above�mentioned high�performance system of MVS computers was created at IPM, much
effort was required for organizing its operation and further improvements and for developing new solution
approaches based on parallel computations. These works were also initiated by Zabrodin. His greatest
achievement was that he realized that the development of parallel computer systems was an extremely
complex interdisciplinary task requiring close daily interactions throughout the entire technological pro�
cess from engineers to mathematicians to users. In this form, the task was set up and solved in the 1990s
long before parallel supercomputers became widespread and popular and the techniques for their con�
struction and applications became conventional due to the cluster technology of multiprocessor design.
The fact that, by the beginning of the cluster boom in the 2000s, our country had a school of parallel com�
putations with practically justified preliminary supercomputer technologies was doubtlessly due to Zabro�
din. Until his last days, he kept track of the development of fundamentally new supercomputer architec�
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tures with primary attention given to works in this direction. In a sense, we can say that supercomputer
technologies are constantly at the stage of the 1950s; i.e., they change fundamentally and are constructed
anew. In these conditions, Zabrodin was an experienced professional and all of us learned much from him.

Zabrodin’s activities and contributions to science were highly appreciated by the scientific community
and were marked by government awards. Specifically, he was a recipient of the State Prize of the USSR
(1972), the State Prize of the Russian Federation (2004), the Order of the Honor Badge (1980), and sev�
eral medals. He was also awarded the title of the Merited Scientist of the Russian Federation (1999).

We are deeply grieving over the death of Zabrodin, who is not with us on his anniversary birthday. Let
his life in science and his achievements serve as a role model for future generations that begin to work in
his favorite discipline.
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